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Abstract 



We develop a canonical Wick rotation-rescaling theory in 3 -dimensional gravity. 
This includes 

(a) A simultaneous classification: this shows how maximal globally hyper- 
bolic spacetimes of arbitrary constant curvature, which admit a complete Cauchy 
surface and canonical cosmological time, as well as complex projective structures 
on arbitrary surfaces, are all different materializations of "more fundamental" 
encoding structures. 

(b) Canonical geom,etric correlations: this shows how spacetimes of different 
curvature, that share a same encoding structure, are related to each other by 
canonical rescalings, and how they can be transformed by canonical Wick rota- 
tions in hyperbolic 3-manifolds, that carry the appropriate asymptotic projective 
structure. Both Wick rotations and rescalings act along the canonical cosmologi- 
cal time and have universal reseating functions. These correlations are functorial 
with respect to isomorphisms of the respective geometric categories. 

This theory applies in particular to spacetimes with compact Cauchy surfaces. 
By the Mess/Scannell classification, for every fixed genus > 2 of a Cauchy sur- 
face S, and for any fixed value of the curvature, these spacetimes are parametrized 
by pairs {F, X) E Tg x M-Lg, where 7^ is the Teichmiiller space of hyperbolic 
structures on 5, A is a measured geodesic lamination on F . On the other hand, 
Tg X M-Lg is also Thurston's parameter space of complex projective structures 
on S. The Wick rotation-rescaling theory provides, in particular, a transpar- 
ent geometric explanation of this remarkable coincidence of parameter spaces, 
and contains a wide generalization of Mess/Scannell classification to the case of 
non-compact Cauchy surfaces. These general spacetimes of constant curvature 
are eventually encoded by a kind of measured geodesic laminations A defined on 
some straight convex sets H m tf, possibly in invariant way for the proper action 
of some discrete subgroup of PSL{2,'R). We specifically analyze the remarkable 
subsectors of the theory made by J^CiJ^)- spacetimes {H = H^), and by QD- 
spacetimes (associated to H consisting of one geodesic line) that are generated 
by quadratic differentials on Riemann surfaces. In particular, these incorporate 
the spacetimes with compact Cauchy surface of genus g >2, and of genus g ~ 1 
respectively. We analyze broken T -symmetry of AdS Al>C(tf)-spacetimes and its 
relationship with earthquake theory, beyond the case of compact Cauchy surface. 

Wick rotation-rescaling does apply on the ends of geometrically finite hy- 
perbolic 3-manifolds, that hence realize concrete interactions of their globally 
hyperbolic ending spacetimes of constant curvature. This also provides further 
"classical amphtudes" of these interactions, beyond the volume of the hyperbohc 
convex cores. 
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Chapter 1 

General view on themes and 
contents 

A basic fact of 3-dimensional geometry is that the Ricci tensor determines the 
Riemann tensor. This imphes that the solutions of pure 3D gravity are the 
Lorentzian or Riemannian 3-manifolds of constant curvature. Usually the curva- 
ture is normalized to be k = 0, ±1. The sign of the curvature coincides with the 
sign of the cosmological constant. We stipulate that all manifolds are oriented 
and that the Lorentzian spacetimes are also time- oriented. We could also include 
in the picture the presence of world lines of particles. A typical example is given 
by the cone manifolds of constant curvature with cone locus at some embedded 
link. The cone angles reflect the "mass" of the particles. In the Lorentzian case 
we also require that the world lines are of causal type (see e.g. 112] (2) and 
also Chapter [7| and Section IH7^ . However in the present paper we shall be mostly 
concerned with the matter-free case. 

Sometimes gravity is studied by considering separately its different "sectors" , 
according to the metric signature (Lorentzian or Euclidean), and the sign of 
the cosmological constant. By using the comprehensive term "3D gravity", we 
propose considering it as a unitary body, where different sectors actually interact. 

The main goal of this paper is to make this suggestion concrete by fully devel- 
oping a 3D canonical Wick rotation-res caling theory on (2 -|- 1) maximal globally 
hyperbolic spacetimes of constant curvature k = 0, ±1 , which admit a complete 
spacelike Cauchy surface. Roughly speaking, we shall see how spacetimes of ar- 
bitrary curvature as well as complex projective structures on arbitrary surfaces 
are all encoded by a common kind of "more fundamental structures" . Moreover, 
the theory will establish explicit canonical geometric correlations: spacetimes of 
different curvature, that share the same instance of encoding structure, are re- 
lated to each other via canonical rescalings, and via canonical Wick rotations 
can be transformed into hyperbolic 3-manifolds that asymptotically carry on the 
corresponding projective structure. In fact such correlations are functorial with 
respect to isometries of spacetimes and isomorphisms of projective structures on 
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surfaces. 

Globally hyperbolic spacetimes with compact Cauchy surfaces form a special 
class to which the theory does apply. This case has been intensively investigated 
also in the physics literature (see for instance [511 1211 1121 HH IH] and also Section 
II. Ill below). In fact, (2 + 1) maximal globally hyperbolic spacetimes of arbitrarily 
fixed constant curvature k = 0, ±1, having a compact Cauchy surface S, have 
been classified (up to Teichmiiller-like equivalence) by Mess in his pioneering 
paper jlHl- For k = 1 the classification has been completed by Scannell in [SUj . 

It turns out that for every fixed genus g > 2 of S (for g = 1 see Section 
II. 9|) . and for any fixed value of k, such spacetimes are parametrized by the pairs 
(F, A) & Tg X A4Cg, where Tg is the classical Teichmiiller space of hyperbolic 
structures on S, and A is a measured geodesic lamination on F (in fact, in a 
suitable sense, A4Cg only depends on the topology of S). We could say that all 
these spacetimes are different "materializations" in 3D gravity of the same more 
fundamental structure Tg x M.Cg. On the other hand, we know that Tg x J^Cg 
is also Thurston's parameter space of complex projective structures on S. In par- 
ticular, the Wick rotation-rescaling theory will provide a transparent geometric 
explanation of this remarkable coincidence of parameter spaces. Moreover, the 
general theory will contain a wide generalization of Mess-Thurston classification 
to the case of non-compact surfaces. This includes the adequate generalization 
of M.Cg. We shall see that suitably defined measured laminations on hyperbolic 
surfaces with geodesic boundary, already introduced in [SH] by Kulkarni-Pinkall 
in order to study complex projective structures on arbitrary surfaces, furnish the 
required generalization. 

Aknowledgement. We would like to thank the referee for his help and 
suggestions that allows us to substantially improve the presentation of our work. 

We are going to outline in a bit more detail the main themes and the contents 
of the paper. 

1.1 3-dimensional constant curvature geometry 

Riemannian or Lorentzian 3-manifolds of constant curvature k = 0, ±1 have 
isotropic (local) models, say X. Every isometry between two open sets of X 
extends to an isometry of the whole X. Thus we can adopt the convenient tech- 
nology of (K,Q)-manifolds, where Q = Isom(X), including developing maps and 
"compatible" holonomy representations. In the Riemannian case, we will deal 
mostly with hyperbolic manifolds (k = —1), so that X = H^, the hyperbolic 
space. In the Lorentzian case, we will denote the models by X^, called the 3- 
dimensional Minkowski {n = 0), de Sitter (k = 1) and anti de Sitter (k = — 1) 
spacetime, respectively. More details on this matter are collected in Chapter 
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where we also recall some basic facts about complex projective structures on sur- 
faces f Section l2.5j) . that are, by definition, (S*^, P5'L(2, C))-manifold structures, 
where S"^ = CP^ is the Riemann sphere, and PSL{2, C) is naturally identified 
with the group of complex automorphisms of S'^. This will include the notions of 
H-hull, canonical stratification and Thurston metric. 

1.2 Wick rotation and rescaling 

Wick rotation is a very basic procedure for inter-playing Lorentzian and Rieman- 
nian geometry. The simplest example applies to M""*"^ endowed with both the 
standard Minkowski metric —dx^ + ■ ■ ■ + dx'^_i + dx'^, and the Euclidean metric 
dxl + ■ ■ ■ + dx"^. By definition (see below), these are related via a Wick rotation 
directed by the vector field d/dxo. Sometimes one refers to it as "passing to the 
imaginary time" . More generally we have: 

Definition 1.2.1 Given a manifold M equipped with a Riemannian metric g 
and a Lorentzian metric h, then we say that g, h are related via a rough Wick 
rotation directed by X, if: 

(1) X is a nowhere vanishing /i-timelike and future directed vector field on 

M; 

(2) For every y G M, the g- and /i-orthogonal spaces to X{y) coincide and we 
denote them by < X{y) >"*". 

The positive function j3 defined on M by 

\\X{y)\\, = -m\\X{y)\\H 

is called the vertical rescaling function of the Wick rotation. 

A Wick rotation is said conformal if there is also a positive horizontal rescaling 
function a such that, for every y G M, 

9\<x{y)>^ = a{y)h\^x{y)>^ ■ 

In fact, all metrics g, h as above are canonically related by a rough Wick rotation: 
we use g to identify h to a field of linear automorphisms hy G Ant{TMy), and 
we take as X{y) the field of (^-unitary and /i-future directed eigenvectors of hy, 
with negative eigenvalues. Call this canonical vector field associated to 

the pair of metrics {g, h). Any other field X as in Definition 11.2. II is of the form 
X = \X(^g^h), for some positive function A. 

If we fix a nowhere vanishing vector field X, and two positive functions a, (3 on 
M , then the conformal Wick rotation directed by X and with rescaling functions 
(a, P) establishes a bijection, say W^(js:;/3,a) , between the set of Riemannian metrics 
on M, and the set of Lorentzian metrics which have X as a future directed timelike 
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field. In particular, the couple {g, X) encodes part of the global causality of 
h = W^x;(3,a){9)- Clearly = i)- 

From now on we shall consider only conformal Wick rotation, so we do not 
specify it anymore. The couples {g, h) related via a Wick rotation, and such that 
both g and h are solutions of pure gravity are of particular interest, especially 
when the support manifold M has a non-trivial topology. 

Rescaling directed by a vector field. This is a simple operation (later simply 
called "rescaling" ) on Lorentzian metrics formally similar to a Wick rotation. Let 
h and h' be Lorentzian metrics on M. Let f be a nowhere vanishing vector field 
on M as above. Then h' is obtained from h via a rescaling directed by v, with 
rescaling functions if 

(1) For every y G M, the h- and /I'-orthogonal spaces to v{y) coincide and we 
denote them by < v{y) >^. 

(2) h' coincides with ph on the line bundle < v > spanned by v. 

(3) h' coincides with ah on < v >"*". 

Again, rescalings which relate different solutions of pure gravity, possibly with 
different cosmological constants, are of particular interest. 

1.3 Canonical cosmological time 

This is a basic notion (see ^) that will play a crucial role in our Wick rotation- 
rescaling theory. In Section we will recall the precise definition and the main 
properties. Roughly speaking, for any spacetime M, its cosmological function 
gives the (possibly infinite) proper time that every event q & M has been in 
existence in M. If the cosmological time function is "regular" (see j2] or Section 
13. 2|) - this means in particular that it is finite valued for every g G M - then 
actually it is a continuous global time on M. This canonical cosmological time 
(if it exists) is not related to any specific choice of coordinates in M, is invariant 
under the automorphisms of M, and represents an intrinsic fundamental feature 
of the spacetime. In a sense it gives the Lorentz distance of every event from 
the "initial singularity" of M. In fact, we are going to deal with spacetimes 
having rather tame cosmological time; in these cases the geometry of the initial 
singularity will quite naturally arise. 

1.4 Classification of fiat globally hyperbolic 
spacetimes 

For the basic notions of global Lorentzian geometry and causality we refer for 
instance to [HlEn]- Some specific facts about (maximal) globally hyperbolic space- 
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times are recalled in Section 13.11 

One of our goals is to classify the maximal globally hyperbolic 3-dimensional 
spacetimes of constant curvature that contain a complete Cauchy surface. These 
properties lift to the respective locally isometric universal covering spacetimes, so 
we will classify the simply connected ones, keeping track of the isometric action 
of the fundamental group vri(5'), S being any Cauchy surface. 

A standard analytic approach to the classification of constant curvature glob- 
ally hyperbolic spacetimes M is in terms of solutions of the Gauss-Codazzi equa- 
tion at Cauchy surfaces 5", possibly imposing some supplementary conditions to 
such solutions, that translates some geometric property of the embedding of S 
into M. For instance a widely studied possibility is to require that the surface S 
has constant mean curvature in M (e.g. we refer to |^ 131 171 138j). 

Here we follow a rather different approach, initiated by Mess jlHl in the case 
of compact Cauchy surfaces. By restricting to the "generic" case of spacetimes 
that have cosmological time, we realize that in a sense each one is determined by 
the "asymptotic states" of the level surfaces of its canonical cosmological time, 
rather than the embedding data of some Cauchy surface S. In the case of compact 
Cauchy surfaces, the central objects in |42j rather were the holonomy groups; the 
role of the cosmological time was recognized in [SU] (k = 1) and fully stressed 
(with its asymptotic states) in |I2](3) (k = 0). In general, these asymptotic 
states will appear as additional geometric structures on S such as a hyperbolic 
structure (possibly with geodesic boundary), and a measured geodesic lamination 
suitably defined on it. The intrinsic geometry of the level surfaces is determined 
in terms of them by means of a grafting-like construction. 

The Wick rotation-rescaling mechanism will be based on the fact that even- 
tually the intrinsic geometry of these level surfaces does not depend on the cur- 
vature, up to some scale factor. 

We will consider at first (Chapter |2)) the flat spacetimes {i.e. of constant 
curvature k = 0). 

In jn](l), Barbot showed that, except some sporadic cases and possibly revers- 
ing the time orientation, the simply connected maximal globally hyperbolic fiat 
spacetimes that contain a complete Cauchy surface coincide with the so called 
regular domains (see below) U of the Minkowski space Xq. Moreover, when 

is a universal covering, T = 7!'i{S) being a subgroup of IsomQ (Xq) (the group of 
isometrics of Xq that preserves the orientations), then we also have from [n](l) 
informations about T and its linear part T C S0~^{2, 1) (see below, and 13.3.1) for 
the precise statement of these results). As a corollary we know for example (see 
coroUarv I3.3.2|) that: 
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If7Ci{S) as above is not Abelian, then the corresponding universal covering is 
a regular domain different from the future of a spacelike geodesic line, and the 
linear part of the holonomy is a faithful and discrete representation of ni{S) in 
50(2,1). 

A regular domain W C Xq is a convex domain that coincides with the inter- 
section of the future of its null support planes. We also require that there are at 
least two null support planes. Note that a regular domain is future complete. 

One realizes that all the sporadic exceptions have not canonical cosmologi- 
cal time. On the other hand we have (see Proposition I3.3.3[ Subsection I3.5.2| 
Proposition 13. 7. 2| and also |ni(l))- 

Proposition 1.4.1 Every flat regular domainU has canonical cosmological time 
T. In fact T is a C}'^ -submersion onto (0, +oo). Every T-level surface lA{a), 
a G (0, +oo), is a complete Cauchy surface ofU. For every x & U, there is a 
unique past-directed geodesic timelike segment 7^ that starts at x, is contained in 
U, has finite Lorentzian length equal to T{x). The other end-point of 'jx belongs 
to the frontier of U in Xq. The union of these boundary end-points makes the 
initial singularity T,u C dU ofU. T^u is a spacelike-path- connected subset o/Xq, 
and this gives it a natural M-tree structure. 

Hence the study of regular domains (and their quotient spacetimes) is equivalent 
to the study of maximal globally hyperbolic fiat spacetimes having a complete 
spacelike Cauchy surface S and canonical cosmological time. 

Let us consider the T-level surface W(l) of a regular domain U. We have a 
natural continuous retraction 

r:U{l)^^u- 

Moreover, the gradient of T is a unitary vector field, hence it induces the Gauss 
map (here we are using the standard embedding of the hyperbolic plane into 

Xo) 

N -Mil) . 

These two maps are of central importance for all constructions. We realize that 
the closure Hu of the image Im(A^) of the Gauss map in is a straight convex 
set in tf, i.e. an closed set that is the convex hull of a ideal set contained in the 
natural boundary S]^ of (Section l3.3p . If W ^ W/P is a universal covering as 
above, then the cosmological time is P-invariant, and the action of P both extends 
to an isometric action on the initial singularity, and to an isometric action on Hu 
(via the linear part P indeed). 

Thus we can distinguished two sub-cases: 

(a) non- degenerate: when dim Hy = 2. In this case we know that P = P is 
a discrete torsion-free subgroup of 50^(2, 1) so that F = tf/P is a complete 
hyperbolic surface homeomorphic to S; 
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(b) degenerate: when dim Hu = 1. In such Hu consists of one geodesic 

hne of tf. Equivalently, the initial singularity reduces to one complete real line 
(we say that it is elementary) . The group T is isomorphic to either {0}, or Z, or 
Z©Z. 

The degenerate case will be treated in Chapter [3 (see also Section IT7I1 below) 
in the more general framework of so called QV-spacetimes. Let us consider here 
the non-degenerate one. 

We take the partition of W(l) given by the closed sets r~^{y), y G T^u. Via 
the retraction we can pullback to this partition the metric structure of J^u, and 
(in a suitable sense) we can project everything onto H^, by means of the Gauss 
map. We eventually obtain a triple 

Aw = {Hu, Cu, fiu) 

where {Cu,fJ^u) is a kind of measured geodesic lamination on Hu. The geometry 
of the initial singularity is, in a sense, "dual" to the geometry of the lamination. 
More precisely, if r~^(y) is 1-dimensional, then it is a geodesic line, so that the 
union of such lines makes a "lamination" in W(l). We can define on it a "trans- 
verse measure" such that the mass of any transverse path is given by the integral 
of the Lorentzian norm of the derivative of r. The lamination A is obtained via 
the push- forward by of this lamination on W(l). 

These measured geodesic laminations on straight convex sets are formalized 
and studied in Section 13.41 The detailed construction of Xu is done in Section 
13.61 On the other hand, in Section 13.51 we get the inverse construction. Let us 
denote by 

MC = {\ = iH,C,fi)} 

the set of such triples, that is the set of measured geodesic laminations defined 
on some 2-dimensional straight convex set in tf. Let us denote by IZ the set of 
non-degenerate regular domains in Xq. Note that there is a natural left action of 
5*0(2, 1) on JVlC, and of Isom^(Xo) (hence of the translations subgroup M^) on 

7^. 

Then we construct a map 

such that, by setting U = then Xu = X. Both constructions are rather 
delicate. Summarizing they give us the following classification theorem for non- 
degenerate flat regular domains. 

Theorem 1.4.2 The map 

W° : MC ^ 7^, A ^ 

induces a bijection between M.C andlZ/"^ , and a bisection between AiC/ SO {2, 1) 
and 7^/Isom^(Xo). 
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While proving this theorem, in Subsection 13.5.41 we will also study continuity 
properties of the map The following corollary is immediate. 

Corollary 1.4.3 The regular domains in Xq that have surjective Gauss map 
are parametrized by the measured geodesic laminations (of the most general type 
indeed) defined on the whole ofM^. 

When U U/T is a universal covering, Xy is F-invariant; 

Z = Hu/T 

is a straight convex subset of F that is convex hyperbolic surface with geodesic 
boundary embedded in the complete hyperbolic surface 

F = If/T . 

F is homeomorphic to the interior of Z. Finally Xy is the pull-back of a measured 
geodesic lamination suitably defined on Z (see Subsection I3.4.4|) . Set 

MC' = {iX,T)} 

where A G A4C, and F is a discrete torsion-free subgroup of 5*0(2, 1) acting on A 
as above. Set 

7^^ = {(w,f)} 

where U & TZ and F C Isom"'"(Xo) acts properly on U. The action of 5*0(2, 1) ( 
Isom+(Xo)) extends to MC^ (7^^) by conjugation of the subgroup F (F). There 
is a natural equivariant version of all constructions, and all structures descend to 
the quotient spacetimes. This leads to an extended map 

w° : MC^ 

(A,F)^(W°,F°) 
where F is the linear part of F°. Finally fSubsection 13. 8|) we have 

Theorem 1.4.4 The extended mapU^ induces a bisection between AiC^ /S0{2, 1) 
and 7^^/Isom+(Xo). 

Let us consider marked maximal globally hyperbolic flat spacetimes containing 
a complete Cauchy surface of fixed topological type 5, up to Teichmiiller-like 
equivalence of spacetimes. Assume furthermore that they have cosmological time 
and non-degenerate universal covering. Denote by MGHq{S) the corresponding 
Teichmiiller-like space. As a corollary of the previous theorem we have: 

Corollary 1.4.5 For every fixed topological type S, MGHq{S) can be identified 
with MCyS0{2, 1), where MCg is the set of (A, F) G MC^ such that the com- 
plete hyperbolic surface F = H^/F is homeomorphic to S. 
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In other words, such a Teichmiiller-hke space consists of the couples {F, A) where 
F is any complete hyperbolic structure parametrized by the base surface S, and 
A denotes any measured geodesic lamination on some straight convex set Z in F. 

Recall that if 7ri(S') is not Abelian, then the additional conditions stated 
before the corollary are always satisfied. So we have 

Corollary 1.4.6 If tti{S) is not Abelian, then the restriction oflA^ to M.C^s in- 
duces a parametrization of maximal globally hyperbolic flat spacetimes containing 
a complete Cauchy surface homeomorphic to S. 

1.5 spacetimes 

Although we adopt a slightly different definition, it turns out that the above 
laminations are equivalent to the ones already introduced in jSn|. Since P2] 
it is known that M.C^ / S0{2^1) also parameterizes the 2-dimensional complex 
projective structures of "hyperbolic type" and with "non-degenerate" canonical 
stratification. This is unfolded in terms of a 3-dimensional hyperbolic construc- 
tion (see Section 12.51 and Chapter HJ. Given (A, G AiC^ , denote by H the 
interior of the corresponding straight convex set H, Z = H/T. Then we construct 

phypc^ ^hype^ ^^^^^ 

D^jyP'^ -.HxiO, +oo) ^ 
is a developing map of a hyperbolic structure Mx on Z x (0, +oo), 

;^hype . p ^ Isom+(H3) 

is a compatible holonomy representation. The map D^^*^ extends (in a F equiv- 
ariant way, via /i^^P") to H X {0}UH X {+oo}. This is in fact the extension 
to the completion of the hyperbolic metric. The restriction D^^'^ to H x {0} 
realizes a locally isometric pleated immersion of H into H^, having A as bending 
measured lamination. This gives us the so called hyperbolic boundary of Mx (see 
Section 14.11 Theorem I4.3.ip . The restriction of D^^'^ to H x {+00} has values 
on the boundary S"^ of tf, and is in fact the developing map D^^°^ of a complex 
projective structure Sx on Z, having /i^™-' = h^^^ as compatible holonomy rep- 
resentation. This gives the so called asymptotic projective boundary of Mx (see 
Subsection I4.3.2|) . The hyperbolic manifold Mx is called the H-hull of Sx- (A, F), 
j-^-jhype^ ^hypc^ (that is Mx), and {D^^"\ ^a™'') (that is Sx) are determined by each 
other, up to natural actions of either 5*0(2, 1) or Isom^(H[^), and this provides 
us with the parametrization mentioned above. 

Given (A, F) G AiC^ we construct also suitable couples (W^, F^) where Ux is a 
simply connected maximal globally hyperbolic spacetimes of constant curvature 

K = ±1, 



CHAPTER 1. GENERAL VIEW ON THEMES AND CONTENTS 



13 



is a locally isometric universal covering, and U^/T^ is homeomorphic to Z x M. 
In fact (see Chapter EJ Ul is given in terms of a developing map 

: X M ^ Xi 

and a compatible holonomy representation 

hf -.T ^ lsom+(Xi) 

whose construction runs parallel to the one of Mx (by using the fact, which 
is evident in the projective models, that and Xi share the same sphere at 
infinity). It turns out that 

hf = /iJyP^ . 

In general these hyperbolic or de Sitter developing maps are not injective. 

The construction of lA^"^ is based on an AdS version of the bending procedure 
that is carefully analyzed in Section 16.11 Remarkably, every lA^^ is a convex 
domain in X_i {i.e. the developing map D^'^^ is an embedding), and is a 
subgroup of Isom^(X„i) that acts properly on it. 

Hence, for every k = 0, ±1, we construct a family 

MCS^ = {{UlVl)}/\som'{X^) 

of maximal globally hyperbolic spacetimes of constant curvature k, sharing the 
same "universal" parameter space AAC^ / S0{2.,1). These are generically called 
M.C- spacetimes. 

We roughly collect here some basic properties of the A^£-spacetimes. For 
K = 1 see Proposition I5.2.b1 for k = —1 see Proposition 16.2.^ Corollary 16.3.131 
and Proposition 16.3.151 

Proposition 1.5.1 (1) Each has canonical cosmological time, sayT^, with 
non- elementary initial singularity. For k = 1 the image of the cosmological time 
is (0, +oo), whereas for k = —1 it is an interval (0, Cq), for some 7r/2 < oq < tt. 

[We adopt the following notations. For every subset X of (0,+oo), lA^iX) = 
(rj^)~^(X); for every a G T^iUx), Ux{a) = Ux{{a]) denotes the corresponding level 
surface of the cosmological time. Sometimes we shall also use the notation tlx{> a) 
instead of Z^^([a, +oo)), and so on.] 

(2) For K = 1,T^ IS C^'^. For k = -1, it is C^'^ on 

Vx=U^\iO,n/2)) . 

The level surface U^^{7i/2) is an isometric pleated copy of H embedded in X_i, 
that has A as AdS bending lamination. 

(3) Both level surfaces lA\{a) and lAx^{a), a < n/2 are complete Cauchy 
surfaces. 
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In Proposition 16 . 3 . iSl we will recognize Vx to be the past part oiU^^, that is the 
past of the "future boundary of its convex core" . 

Some special subfamilies. 

(1) When H = 11^ and the support of the lamination A is empty, we say that 
the corresponding spacetime is static. This special case is also characterized by 
the fact that the initial singularity of each spacetime consists of one point, or 
that the cosmological times is real analytic. Moreover the cosmological time 
is also a constant mean curvature (CMC) time. 

For a general H we say that it is if-static if the support of the lamination 
coincides with the boundary geodesies of H (hence they are all +oo-weighted). 
The initial singularity consists now of one vertex vq from which a complete half 
line emanates for each boundary component of H. In the flat case, the portion 
r~^{vo) is a homeomorphic deformation retract of the whole spacetime; it is con- 
tained in the H^-static spacetime obtained by just forgetting the lamination A, 
and the respective cosmological times do agree on such a portion. 

(2) As in the above corollarv 11.4.31 we point out the distinguished sub-class 
of spacetimes, that we call AiC(M^)-spacetimes, obtained by imposing that H 
consists of the whole hyperbolic plane tf. It is convenient and instructive to 
analyze specific aspects of our Wick rotation-rescaling theory in such a case. The 
remarkable spacetimes with compact Cauchy surfaces of genus g > 2 belong to 
this sector of the theory. In fact the only straight convex set in a compact closed 
hyperbolic surface F is the whole of F. In a sense, this cocompact F-invariant case 
has tamest features. For instance, it implies strong constraints on the measured 
geodesic laminations on H^/F. Throughout the paper, we shall focus on these 
special features, against the different phenomena that arise for general A4£(H^)- 
spacetimes, even in the finite coarea, but not cocompact case (see Section A 
key point here is that we can work with geodesic laminations on F = H^/F that 
do not necessarily have compact support. For a first account of the cocompact 
case one can see also Section [1.111 below. 

We will also realize that the A^£(EI^)-spacetimes of curvature k = —1 have 
interesting characterizations among general A4C ones. This is related to the 
interesting behaviour of the spacetimes with respect to the T- symmetry obtained 
by reversing the time orientation (see Section HTHj) . Moreover, at some points of 
the AdS treatment it is technically convenient to deal first with the AiC(M^) 
subcase (see Section lOj) . 

Our linked goals consist in: 

(a) Pointing out natural and explicit geometric correlations between the hy- 
perbolic manifolds Mx and the A^£-spacetimes (U^, F^) that share a same en- 
coding A. 

(b) Eventually obtain also for k = ±1, an intrinsic characterization of AiC- 
spacetimes AiCS,^, similarly to the classification already outlined for k = 0. 
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1.6 Canonical Wick rotations and rescalings 

The correlations evoked in (a), will be either canonical Wick rotations or rescal- 
ings directed by the gradient of the cosmological time and with universal rescaling 
functions. This means that these are constant on each level surface (on which 
they are defined) and their value only depends on the corresponding value of the 
cosmological time. We stress that they do not depend on A. A delicate point 
is that all this happens in fact up to determined diffeomorphism. Note that 
any isometry between Riemannian metrics induces at least an isometry of the 
underlying length spaces. In the Lorentzian case, it preserves the global causal 
structure. Wick rotations and rescalings have higher regularity (they are real 
analytic indeed) only in the case of tf-static spacetimes. 

We are going to summarize (in somewhat rough way) our main results. 

Theorem 1.6.1 A canonical rescaling directed by the gradient of (the restriction 
of) the cosmological time with universal rescaling functions, converts (in 
equivariant way) (W°(< l),r°) into {Ul,T\). The inverse rescaling satisfies the 
same properties with respect to the cosmological time T^. The rescaling extends 
to an (equivariant) isometry between the respective initial singularities. 

All this is proved in Chapter El 

Theorem 1.6.2 A canonical rescaling directed by the gradient of the cosmological 
time T°, with universal rescaling functions, converts (in equivariant way) (U^, r°) 
into the past part V\ of {U^^.V^^). The inverse rescaling satisfies the same 
properties with respect to the cosmological time T^^ restricted to V\. The rescaling 
extends to an (equivariant) isometry between the respective initial singularities. 

This is proved in Chapter IHl 

Theorem 1.6.3 (1) A canonical Wick rotation directed by the gradient of (the 
restriction of) the cosmological time T^, with universal rescaling functions, con- 
verts (in equivariant way) (U^{> l),r°) into the hyperbolic 3-manifold Mx. The 
inverse Wick rotation satisfies the same properties with respect to the distance 
function from the hyperbolic boundary of Mx. The intrinsic spacelike metric 
on the level surface W°(l) coincides with the Thurston metric associated to the 
asymptotic complex projective structure whose Mx is the H-hull. The canonical 
stratification associated to such projective structure coincides with the decompo- 
sition ofUxiX) given by the fibers of the retraction on the initial singularity. 

(2) This Wick rotation can be transported onto the AdS slab W^"'^((7r/4, 7r/2)) 
by means of the rescaling of Theorem \l.().2l This extends continuously to the 
boundary of this slab. The boundary component lAx^ {n / A) maps homeomorphi- 
cally onto the asymptotic projective boundary of Mx, and its intrinsic spacelike 
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metric is again the associated Thurston metric. The restriction to the boundary 
component U^^ {11/2) is an isometry between such an AdS pleated surface and the 
hyperbolic one that makes the hyperbolic boundary of Mx. 

(3) The de Sitter rescaling f Theorem ] 1.6. 1}) on (W°(< l),r°), and the Wick 
rotation on W°(> 1) "fit well" at the level surface and give rise to an 

immersion of the whole ofU^ (^U using the projective Klein models). 

The statements in (1) are proved in Chapter 0] Note that the canonical Wick 
rotations cut the initial singularity off. For (2) see Chapter EJ (3) is proved in 
Chapters H 

1.7 Full classification 

Finally we get the following full classification result of maximal globally hyper- 
bolic spacetimes of constant curvature containing a complete Cauchy surface. 

Theorem 1.7.1 For every k = 0,±1, the family of AiC-spacetimes AiCS^^ co- 
incides with the family MGH,^ of maximal globally hyperbolic spacetimes of con- 
stant curvature n, with cosmological time, non- elementary initial singularity, and 
containing a complete Cauchy surface, considered up to Teichmuller-like equiva- 
lence (by varying the topological type). Hence, these spacetimes are parametrized 
by J\4.C^ / S0{2^1), for every value of k. Wick rotations and rescalings estab- 
lish canonical bijections with the set of non- degenerate surface complex projective 
structures of hyperbolic type. 

The cases k = 0, 1 are treated in Chapters El IH and ]^ k = —1 in IHl The 
proofs are rather demanding, especially in the AdS case. The reader can find in 
the introduction of Chapter [Ul a more detailed outline of this matter. As a by- 
product of the classification we shall see that every maximal globally hyperbolic 
AdS spacetime that has a complete Cauchy surface, does actually admit canonical 
cosmological time. A delicate point in order to show that every such spacetime 
actually belongs to A4CS-i, consists in the proof that the level surfaces contained 
in its past part are in fact complete Cauchy surfaces (see Proposition 16.3.91 and 
also [n](2),(3) for a different proof). 

1.8 The other side oiU^^ - (Broken) T-symmetry 

We will show (see Section lUTjl : 

Proposition 1.8.1 Reversing the time orientation produces an involution on 
MCS-i (hence on ML^jSO^l, 1) ): 
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(for some X* G AiC). 

This is called T-symmetry and is studied in Section 16.71 Here is a few of its 
features. The isometry group of the spacetime X_i is isomorphic to PSL{2, M) x 
PSL{2,'K) (see Chapter 12)). So T^^ is given by an ordered pair (r^jFij) of 
representations of T with values in PSL(2,'R). Then T^} simply corresponds 
to (r/jjF^,). On the other hand, we will see while proving the classification 
Theorem 11.7.11 that U^^ is determined by its curve at infinity Cx, contained in 
the "boundary" of X_i. This boundary is canonically diffeomorphic to S'^ x Sl^ 
and has a natural causal structure, actually depending on the fixed orientations; 
Cx is a nowhere timelike embedded curve homeomorphic to 5*^. In fact, is 
the (interior of the) Cauchy development of Cx in X_i (see Section [6.3|) . The 
spacetime U^*^ is obtained similarly by taking the Cauchy development of the 
curve CI, that is the image of Cx via the homeomorphism {x,y) {y,x) of 

It is interesting to investigate whether distinguished sub-families of spacetimes 
are closed or not under the T-symmetry. 

T-symmetry in the cocompact case. 
Assume that H = M^, and F = U^/T is a compact hyperbolic surface. It is 
known since [IS], that in such a case (ri,r/j) is a couple of faithful cocompact 
representations of the same genus of F, and that any such a couple uniquely 
determines an AdS spacetime of this kind. It follows that cocompact AiC(Il^)- 
spacetimes of curvature k = —1 are closed under the T-symmetry. We can also 
say that the initial and final singularities of U^^ have in this case the same kind 
of structure. The same facts hold if F is not necessarily compact, but we confine 
ourselves to consider only laminations with compact support. 

Broken T-symmetry for general A4C(Il^) -spacetimes. 
We have (see Proposition 16.4.11) : 

Proposition 1.8.2 {U^\T-^) e MCS- 1 is a AiC(M^) -spacetime if and only 
if the special level surface U^^{ti/2) of the cosmological time (i.e. the future 
boundary of the convex core) is a complete Cauchy surface. 

We will show that A^£(EI^)-spacetimes (even of finite co-area but non cocom- 
pact) contained in AiCS^i are not closed under the T-symmetry. In fact we will 
show that the characterizing property of Proposition 11.8.21 is not preserved by 
the symmetry: in general the level surface IA^}{'k/2) is not complete (and it is 
only future Cauchy). We could also say that the initial and final singularities of 
lA^^ are not necessarily of the same kind (for instance "horizons censoring black 
holes" can arise). See the examples in Section 16.81 and Remark 17.3.51 

It is an intriguing problem to characterize AdS A^£(EI^)-spacetimes (and 
broken T-symmetry) purely in terms of the curve at infinity Cx- This also depends 
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on a subtle relationship between these spacetimes and Thurston's Earthquake 
Theory j^Sl, beyond the cocompact case already depicted in [13] • In Section 
we get some partial results in that direction. We recall that 031 actually contains 
a new "AdS" proof of the "classical" Earthquake Theorem in the cocompact case 
(see Proposition 16 .6 . ij) . On the other hand, in there is a formulation of the 
Earthquake Theorem that strictly generalizes the cocompact case. In Section ing 
we study the relations between generalized earthquakes defined on straight convex 
sets of and general Anti de Sitter spacetimes. As a corollary, we will point 
out an "AdS" proof of such a general formulation, and we also show that the 
holonomy of any maximal globally hyperbolic Anti de Sitter spacetime containing 
a complete Cauchy surface and with non-Abelian fundamental group is given by 
a pair of discrete representations fProposition I6.5.T|) . We study in particular the 
case of those achronal curves C that are graphs of some homeomorphism of 
(as it happens for instance in the cocompact case). We show that the boundary 
curve C\ of an ADS A1£-spacetime is the graph of a homeomorphism of S*^ iff 
the lamination A generates surjective earthquakes onto f Proposition 16. 6."^!) . 
Moreover, we give examples (see 16.6.51 and Section 16. 8|) showing that there is no 
logical implication between being a A^£(tf)-spacetime and having C graph of 
some homeomorphism. 

1.9 QP-spacetimes 

In Chapter [7| we develop the sector of our theory based on the simplest flat reg- 
ular domains i.e. the future I^(r) of a spacelike geodesic line r of Xq. This is 
the degenerate case when the image Hu of the Gauss map just consists of one 
geodesic line of tf. It is remarkable that the theory on Y^{r) can be developed in 
a completely explicit and self-contained way, eventually obtaining results in com- 
plete agreement (for instance, for what concerns the universal rescaling functions) 
with what we have done for the A^£-spacetimes. Combining them and M.C re- 
sults we get in particular the ultimate classification theorem, just by removing 
"non-degenerate" or "non-elementary" in the above statements. 

Moreover, the theory over I^(r) extends to so called QD- spacetimes. In con- 
trast with the A1£-spacetimes, these present in general world-lines of conical 
singularities, and the corresponding developing maps (even for the flat ones) 
are not injective. So they are also a first step towards a generalization of the 
theory in the presence of "particles" (see also Section IH^ . The globally hyper- 
bolic QP-spacetimes are "generated" by meromorphic quadratic differentials on 
f2 = C, (possibly invariant with respect to the proper action of some 
group of conformal automorphisms of f2). 

Flat QP-spacetimes are locally modeled on I^(r), and had been already con- 
sidered in [12] (3). In particular, the quotient spacetimes of I^(r) with compact 
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Cauchy surface, realize all non-static maximal globally hyperbolic flat space- 
times with toric Cauchy surfaces. Via canonical Wick rotation, we get the kind 
of non-complete hyperbolic structures on (S^ x S^) x M that occur in Thurston's 
Hyperbolic Dehn Filling set up (see By canonical AdS rescaling of the 

quotient spacetimes of I~^{r) homeomorphic to (S^ x R) x M, we recover the so 
called BTZ black holes (see [Tm i23j). In contrast with the 7Vl£-spacetimes, these 
non-static quotient QP-spacetimes have real analytic cosmological time, and this 
is even a CMC time. 

When F = H^/F is compact, there is a natural bijection between the space 
AiC{F) of measured geodesic laminations and the space QT>{F) of holomorphic 
quadratic differentials on F (see Remark f7.2.2l of Chapter and also Section lT.llI 
below). It is remarkable that the "same" parameter space /iAC{F) = QD{F) 
gives rise to different families of globally hyperbolic spacetimes with compact 
Cauchy surfaces, belonging to the A4C{Il^) and QV sectors of the theory re- 
spectively. In fact A^£(tf ) or QV spacetimes that share the same encoding 
parameter have the same initial singularity. 

We will also show that general Q'D-spacetimes can realize arbitrarily compli- 
cated topologies and causal structures. 

So, although the basic domain V~{r) is extremely simple, the resulting sector 
of the theory is far from being trivial. 



1.10 Along rays of spacetimes 

Given (A, F), A = {H, C, fi), fi being the transverse measure, we can consider the 
ray (tA,F), tX = {H,C,tn), t G [0,+cxd), where it is natural to stipulate that 
for t = we have the lamination just supported by the geodesic boundary of H. 
So we have the corresponding 1-parameter families of spacetimes T^^^) and 
hyperbolic manifolds Mt\, emanating from the static case at t = 0. The study of 
these families (made in Section 18. H together with further complements) gives us 
interesting information about the Wick rotation-rescaling mechanism. 

We study the "derivatives" at t = of the spacetimes and of holonomies 

and "spectra" of the quotient spacetimes. In particular, let us denote by 

the spacetime obtained by rescaling the Lorentzian metric of U^^ by the constant 

factor l/t^. So ~^^tx has constant curvature Kt = t^K. Then, we shall prove (using 

a suitable notion of convergence) that (see I8.1.1|) 

lim -m = ul . 

t^o t 

We stress that this convergence is at the level of Teichmiiller-like classes; here 
working up to reparametrization becomes important. 
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For every n, the space AiCSi^{S) of maximal globally hyperbolic spacetimes of 
constant curvature k and fixed topological support SxM. has a natural "Fuchsian" 
locus, corresponding to iJ-static spacetimes. In a sense, thanks to the above limit, 
the space AiCSo{S) could be considered as the normal bundle of this Fuchsian 
locus. In the case of compact S, an algebraic counterpart of this fact is recalled 
in Section II. Ill Then the canonical rescaling produces a map A4CSo{S) —>■ 
A4CS^^{S) that could be regarded as a sort of exponential map. As a by-product, 
we find some formulae relating interesting classes of spectra associated to each 
U^- In fact these formulae are proved in a different context also in |32j . 

In Section 18.21 some specific applications in the case of compact Cauchy sur- 
faces are given. We consider the family W^^a)* Section 11.81 In such a case 
(see for instance Section [1.111 below), the set of F-invariant measured laminations 
has an M-linear structure, and it makes sense to consider —A. Then we shall show 
(see Section IS. 2. ip 

Let Qt be a smooth family of homeomorphic quasi- Fuchsian manifolds such 
that Qo = H^/r is Fuchsian and A^, A^ be the bending loci of the boundary of the 
convex core of Qt. Bonahon PS|(2) proved that the family of measured geodesic 
laminations Xt/t and X^/t converge to geodesic laminations Aq, Ag such that Aq = 
— Ao with respect to the linear structure of A^£(EI^/r). Notice that this result is 
strongly similar to that one we get in Anti de Sitter setting. Roughly speaking, 
we can conclude that bending in Anti de Sitter space is the same as bending in 
hyperbolic space at infinitesimal level (that is, the boundary components of the 
convex core are the same). On the other hand on the large scale the bending 
behaviour in the two contexts is very different (see Section I8.2.2|) . 

Finally, giving a partial answer to a question of ^43j, we establish formulae 
relating the volume of the past of a given compact level surface of the canonical 
time, its area, and the length of the associated measured geodesic lamination on 
F. We recover in the present set up a simple proof of a continuity property of 
such a length function (see Section IS. 2. 3|) . 

Similarly, for QD-spacetimes we will consider the Wick rotation-rescaling be- 
haviour along lines of quadratic differentials t'^uj. 



1.11 QFT and ending spacetimes 

This Section contains a rather long expository digression. Shortly, this could be 
summarized by the following sentences: 

The Wick rotation-rescaling theory applies on the ends of geometrically fi- 
nite hyperbolic "i -manifolds. Hence these manifolds realize concrete interactions 
of their globally hyperbolic ending spacetimes of constant curvature. This pro- 
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vides natural geometric instances of morphisms of a {2 + 1) bordism category 
suited to support a quantum field theory pertinent to 3D gravity. Moreover, the 
finite volume of the slabs of the AdS spacetimes that support the Wick rotations 
(see Section IH^) together with the volume of the hyperbolic convex cores, furnish 
classical "amplitudes" of these interactions. 

If satisfied with this, the reader can skip to the next Chapter. However, we beheve 
that the digression shall display important underlying ideas and a background 
that have motivated this work. 

We want to informally depict a few features of a quantum field theory QFT 
that would be pertinent to 3D gravity, by taking inspiration from jJH] , and having 
as model the current formalizations of topological quantum field theories. 

Bits of axiomatic QFT. Following 0EZ|, by (2 + 1) QFT we mean any func- 
tor, satisfying a demanding pattern of axioms, from a (2 + l)-bordism category 
to the tensorial category of finite dimensional complex linear spaces. 

The objects of the bordism category are (possibly empty) finite union of suit- 
ably marked connected compact closed oriented surfaces S. Every marking in- 
cludes (at least) an oriented parametrization : S* ^ S, by some base surface 
S. 

Every morphism is a compact oriented 3-manifold Y with marked and bipar- 
tited boundary components; hence Y realizes a "tunnel", a transition from its 
input boundary object 9_ towards the output one 9+. 

A QFT functor associates to every object a a complex linear space V{a) and 
to every marked bordism Y a linear map Zy '■ V{d^) — *• V{d+), the tunneling 
amplitude. This is functorial with respect to composition of bordisms on one side, 
and usual composition of linear maps on the other. Amplitudes can be considered 
as a generalization of time evolution operators (where y is a cylinder). 

If an object a is union of connected components S^'s, then V{a) is the tensor 
product of the V^(Sj)'s. V^(— S) = V*(T,), where — S denotes the surface with the 
opposite orientation, V* is the dual of V. V^(0) = C; hence if the boundary of Y 
is empty, then Zy G C is a scalar. This numerical invariant of the 3-manifold Y 
is usually called its partition functions. If d- = 0, then Zy is a vector in V{d+) 
(the vacuum state of Y); if = 0, then Zy is a functional on V{d-). 

The amplitudes are sensitive to the action of the mapping class groups on the 
markings. 

A crucial feature of any QFT is that we can express any amplitude by using 
(infinitely many) different decompositions of the given bordism, associated for 
instance to different Morse functions for the triple {Y, d-, 9+). 

Possibly a QFT is not purely topological, i. e. the marked 3-manifolds can carry 
more structure and we deal with a bordism category of such equipped manifolds. 
Both V and Z possibly depend also on the additional structure. 
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Pertinence to 3D gravity starts arising by specializing the additional structure 
on each marked surface S, and showing later that classical gravity naturally 
furnishes a wide set of bordisms in the appropriate category. 

Matter-free Witten phase space. At first, it seems reasonable to select a 
sector of 3D gravity by fixing the signature (Lorentzian or Euclidean) of the 3- 
dimensional metrics, and the sign cr(A) of the cosmological constant. The basic 
idea is to give E the structure of a spacelike surface embedded in some universe 
U of constant curvature n = o"(A) (for the Euclidean signature we just consider 
embedded surfaces). 

Let X be any model of constant curvature geometry, and Q denote its group 
of isometries. In jSH] a reformulation of the corresponding sector of pure classical 
3D gravity is elaborated as a theory with Chern-Simons action, for which the 
relevant fields are the connections on principal ^-bundles on 3-manifolds, up 
to gauge transformations, rather than the metrics. The "classical phase space" 
finally associated to every connected base surface S is the space of flat connections 
on principal ^-bundles over S, up to gauge transformations. Equivalently, this 
consists of the space of representations 

Hom(7ri(S),e?) 

on which the group Q acts by conjugation. To each spacelike surface S in some 
universe U as above, one associates a holonomy representation of its domain of 
dependence -D(S) in Y (see |3n])- D(T,) is globally hyperbolic, and E is a Cauchy 
surface, hence -D(S) is homeomorphic to S x R, and 7ri(D(E)) = 7ri(S'). For 
the Euclidean signature we just take an open tubular neighbourhood of S in U. 
More generally, as additional structure on a marked surface S, we just take any 
element of such a "Witten phase space" . 

Natural instances of morphisms in the corresponding bordism category arise in 
classical gravity. They should be compact submanifolds with boundary Y of some 
universe U of constant curvature k, the boundary being made by (bipartited) 
spacelike surfaces. The holonomy of the whole spacetime Int(y), induces the one 
of the "ending" globally hyperbolic spacetimes. Such a transition would realize, 
in particular, a change of topology from the set of input spacetimes towards the 
set of output ones. The prize for it consists in a severe weakening of the global 
causal structure of Y: normally Int(y) contains closed timelike curves. 

Mess-Thurston phase space. Mess/Scannell and Thurston parameteriza- 
tions in the case of compact surfaces of genus g > 2 {ii g = 1 see Section 11.91 
above) leads to a somewhat different and unified way to look at the classical 
phase space. That is we would look for a QFT built on the "universal" param- 
eter space Tg x AiCg, and that should deal simultaneously with spacetimes of 
arbitrary constant curvature and complex projective surfaces. 
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Some comments are in order to establish some point of contact with the former 
paragraph. We use the notations of the previous Sections. 

(1) Tg X J^Cg should be considered as a trivialized fiber bundle B Tg over 
the classical Teichmiiller space Tg of hyperbolic structures on S. The fiber over 
any F & Tg is A4C{F). Given F and F' in Tg, we fix the canonical topological 
bijection between AiC{F) and A4C{F') that identifies two laminations if and 
only if they share the same "marked spectrum" of measures. This trivialization 
respects the ray structure considered in Subsection ll.lOl This induces a trivialized 
fiber bundle Tg x F+{MCg) = Tg x S^^-\ where each fiber is a copy of the 
Thurston's boundary ofTg. 

(2) Fuchsian slices. The relevant Lorentzian isometry groups are: Qq = 
IS0^{2, 1) i.e. the Poincare group of affine isometries of the Minkowski space Xq 
that preserve the orientations; G-i = PSL{2,m) x P5L(2,M); Gi = PSL{2,C) 
(see Chapter 121). For every k, there is a canonical embedding of PSL{2,'R) into 
Qk. The subgroup S'0"''(2, 1) C Isom^(2, 1) of linear isometries is canonically 
isomorphic to PSL{2,R) = lsom+{E.^) (by using both the hyperboloid and half- 
plane models of the hyperbolic plane). For k = — 1 we have the (img'ona/ embed- 
ding, for K = 1 we take the real part of PSL{2,C). Denote by J-^TZg the subset 
of Hom(7ri(5'), PSL{2, M.))/ PSL{2, M) of Fuchsian representations. By using the 
above embeddings, this determines the Fuchsian slice of each Hom(7ri(5'), Qk)/QK- 
Tg can be identified with (a connected component of) TTZg, so that each Fuchsian 
slice corresponds to the "0-section" of the bundle Tg x AiCg which parameterizes 
the static spacetimes. So, for every k, any ray in AiC{F) over a given F E Tg 
can be consider as a 1-parameter family of deformations of the static spacetime 
associated to F. 

(3) Coincidence of infinitesimal deformations. Let us denote by the Lie 
algebra of Qf^. By using the adjoint representation restricted to the embedded 
copy of PSL{2, R), each can be considered as a PSL{2, M)-module. It is a fact 
that these modules are canonically isomorphic to each other. This is immediate 
for K = ±1. For k = 0, this follows from the canonical linear isometry between 
5[(2,M), endowed with its killing form, and the Minkowski space (M^, (■, ■)). 

For every Fuchsian group F as above, the "infinitesimal deformations" of F in 
Qk, are parametrized by H^{T,Qi^), through such a P5'L(2, M)-module structure. 
Thus we can say that the infinitesimal deformations of F considered as a static 
spacetime of arbitrary constant curvature, as well as a Fuchsian projective struc- 
ture on S actually coincide. Canonical Wick rotation theory realizes, in a sense, 
a full "integration" of such an infinitesimal coincidence. 

(4) Holonomy pregnancy. Mess's work for /t = includes an identification 
of Tg X M.Cg with the subset of Hom(7ri(S'), ^o)/^o made by the representa- 
tions with Fuchsian linear part; for k = — 1, with the subset J^TZg x TTZg of 
Hom(7ri(S'), ^_i)/^_i (via a subtle Lorentzian revisitation of Thurston earthquake 
theory). This means, in particular, that for k = 0,-1 the maximal hyperbolic 
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spacetimes with compact Cauchy surface are determined by their holonomy, so 
that the Witten phase spaces properly contain parameter spaces of these space- 
times. On the other hand de Sitter spacetimes and compact complex projective 
surfaces are no longer determined by the respective holonomies. It happens in 
fact that on a same ray, spacetimes (projective structures) with injective {quasi- 
Fuchsian) developing maps (corresponding to small values of the ray parameter), 
and others having non-injective and surjective developing maps (for big values of 
the parameter) share the same holonomy - see PT](1)). 

(5) Linear structures on M.C{F). Recall that Tg is homeomorphic to the 
open ball B^^'^ and the fiber MCg to M^^"^ In fact, the bundle B ^ Tg 
can be endowed with natural vector bundle structures that identify it as the 
cotangent bundle T*{Tg) (hence we have a honest classical phase space, with Tg 
as configuration space). For example, given F = H^/F as above, one establishes a 
natural bijection between AiC{F) and H^(T, M^) (where is here the subgroup 
of translations of IS0~^{2, 1)), and this gives each fiber of B the required linear 
structure. This induces the usual ray structure. Another linear structure is 
through complex analysis. The fiber of the complex cotangent bundle T*{Tg) 
over F is identified with the space QV{F) of holomorphic quadratic differentials 
on F, considered now as a Riemann surface. On the other hand, there is a natural 
bijection between QT>{F) and A4C{F) (through horizontal measured foliations 
of quadratic differentials - see and also Chapter [Tj). 

However, the canonical (topological) trivialization mentioned in (1) above is 
not compatible with any such natural vector bundle structures. 

In HH, the flat = 0, for every genus g > 1, is treated as a Hamiltonian 

system over Tg (considered here as a space of Riemann surface structures on S), 
in such a way that T*{Tg) (with its complex vector bundle structure) is the phase 
space of this system. In this analytic approach the relevant global time fills each 
spacetime by the evolution of CMC Cauchy surfaces. Recall that T*(7g) is also 
the phase space for a family of globally hyperbolic QP-spacetimes. Moncrief's 
and QD theories coincide exactly when g = 1. 

Keeping both the basic idea of Witten's approach of dealing with flat con- 
nections as fundamental fields, and the unifying viewpoint underlying the Wick 
rotation-rescaling theory, we would adopt the space of representations 

Hom(7ri(5),P5L(2,C)) 

(on which the group PSL{2, C) acts by conjugation) as a reasonable "universal" 
phase space, although we are aware - point (4) - that it is strictly weaker than the 
universal parameter space Tg x AiCg. A nice fact is that hyperbolic 3-manifolds 
furnish a wide natural class of morphisms in the corresponding bordism category. 

Hyperbolic bordisms. For the notions of hyperbolic geometry used in this 
paragraph we shall refer, for instance, to j5H I34[ ITFj. 
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Recall that a (complete) hyperbolic 3-manifold Y = M^/G (where G is a 
Kleinian group isomorphic to 7ri{Y)) is topologically tame if it is homeomorphic to 
the interior int M of a compact manifold M. Roughly speaking, each boundary 
component of M corresponds to an end of Y. By using the holonomy of Y, 
we can associate to each boundary component a point in our phase space. Any 
bipartition of the boundary components gives rise to a bordism in the appropriate 
bordism category. This can be considered as a transition from the set of input 
towards the set of output ends. 

In general the asymptotic geometry on the ends is a rather subtle stuff. This is 
much simpler for the important subclass of geometrically finite manifolds. Recall 
that Y is geometrically finite if any e-neighbourhood of its convex core G{Y) = 
C (G) is of finite volume. For simplicity, we also assume that there is no accidental 
parabolic in G. 

Let us assume furthermore that C{Y) is compact, and that Y is not compact. 
Then: 

- The group G does not contain parabolic elements. 

- C (Y) is a compact manifold with non-empty boundary; Y is homeomorphic 
to the interior of C{Y); for every end E{S) corresponding to a given boundary 
component S of C(F), there is a unique connected component of F \ C{Y) (also 
denoted E{S)), characterized by the fact that dE{S) = S. E{S) is homeomorphic 
to 5* X (0, +oo). The asymptotic behavior of (the universal covering of) E{S) at 
the boundary S*^ of H^, determines a quasi- Fuchsian complex projective structure 
on 5*. In fact E{S) is its if-hull, and S inherit also the intrinsic hyperbolic 
structure for being the hyperbolic boundary of E{S). 

- We can apply on each E{S) the Wick rotation-rescaling theory developed 
for 7Vl£(H[^)-spacetimes. Thus we can convert E{S) into the future domain 
of dependence of the level 1 surface of the cosmological time for a determined 
maximal globally hyperbolic flat spacetime. By canonical rescaling we can convert 
it in a suitable slab of such a spacetime of constant curvature k = —1. 

Remark 1.11.1 Notice that the canonical Wick rotation on each end E{S) cuts 
off the initial singularity of the associated ending spacetime. In a (2 + 1) set up, 
this is clearly reminiscent of the basic geometric idea underlying the so called 
Hartle-Hawking no-singularity proposal and the related notion of real tunneling 
geometries (see [221 ED])- However, note that, in our situation, the surface S is not 
in general totally geodesic in Y. This happens exactly when the associated ending 
spacetime is static, or, equivalently, if we require furthermore that the canonical 
cosmological time is twice differentiable (in fact real analytic) everywhere, or that 
the initial singularity consists of one point. So these (equivalent) assumptions are 
not mild at all as they "select" very special configurations. 
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Including particles. In contrast with the matter-free case, the parameter 
spaces of globally hyperbolic spacetimes of constant curvature, with compact 
Cauchy surface, and coupled with particles far as we know, not yet well 

understood (see for instance |I2I(2), and also Section f8.3|) . Moreover, even the 
reformulation of gravity as a Chern- Simons theory should be not so faithful in 
this case (see |41j). Nevertheless, by slightly generalizing the above discussion, we 
can propose a meaningful "phase space" also in this case, and a relative bordism 
category. 

We consider now compact surfaces S as above with a fixed finite non-empty 
set V of marked points on it. Set S' = S \V . Then we consider the space of 
representations 

Hom(7ri(5'),P5L(2,C)) . 

In building the bordism category we have to enhance the set up by including 
1-dimensional tangles L, properly embedded in M, such that dL consists of the 
union of distinguished points on the components of dM. Set M' = M \ L, then 
an additional structure on M is just an element of Hom(7ri(M'), PSL{2, C)). The 
tangle components mimic the particle world lines. 

It is useful to "stratify" Hom(7ri(S"), PS'L(2, C)), by specializing the periph- 
eral representations on the loops surrounding all distinguished points. For in- 
stance we get the "totally parabolic peripheral stratum" by imposing that they 
are all of parabolic type. We can also specialize elliptic peripheral representations, 
by fixing the cone angles of the local quotient surfaces, and so on. Note that the 
stratum where these representations are all trivial is not really equivalent to the 
matter-free case, because we keep track of the marked points; in particular we 
act with a different mapping class group. 

Let Y = / G he again a geometrically finite hyperbolic 3- manifold. Assume 
now that G contains some parabolic element. Assume also, for simplicity, that G 
does not contain subgroups isomorphic to Z © Z, i.e. that Y has no toric cusps. 
Then: 

- Any boundary component S of the convex core C (Y) either is compact or is 
homeomorphic to some S' = S \ V as above. In any case, S inherits an intrinsic 
complete hyperbolic structure of finite area. The holonomy of Y at every loop 
surrounding the punctures of S' is of parabolic type, and every parabolic element 
of G arises in this way (up to conjugation). 

- There are a compact 3-manifold M, with non-empty boundary dM, and 
a properly embedded tangle L made by arcs {dL = L (1 dM) such that Y is 
homeomorphic to M \ {dM U L). Moreover, there is a natural identification 
between the boundary components of M \ L and the ones of C{Y). Note that M 
is obtained by adding 2-handles to the boundary of a suitable compact manifold 
W (the co-core of the handles just being the arcs of L). Then Y is homeomorphic 
to W. Usually, the so-called geometric ends of Y correspond to the connected 
components of dW. On the other hand, we can consider also the "ends" of 
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Y = M \ {dM U L), each one homeomorphic to S x M, for some boundary 
component of C{Y). We stipulate here to take these last as ends of Y. Then, the 
asymptotic behavior of (the universal covering of) an end of Y at the boundary 
of H^, determines a quasi- Fuchsian projective structure on the corresponding 
surface E. 

- We can apply on each end of Y the Wick rotation-rescaling theory developed 
for A^£(EI^)-spacetimes. Note that in this case the involved geodesic laminations 
have always compact support. 

These considerations can be enhanced by allowing also toric cusps, and re- 
placing Y by Y\ obtained by removing from Y the cores of the Margulis tubes of 
a given thick-thin decomposition (for instance, the one canonically associated to 
the Margulis constant). In general Y' is no longer complete, and possibly presents 
further ends, homeomorphic to (5*^ x S*^) x M, either corresponding to toric cusps 
or tubes of the thin part. On these ends the QP-Wick rotation-rescaling sector 
does apply. 

Summarizing, geometrically finite hyperbolic 3-manifolds furnish natural exam- 
ples of bordisms in the pertinent category, and by Wick rotation-rescaling we 
show that they eventually realize geometric transitions of the ending spacetimes 
of constant curvature. 

We have considered geometrically finite manifolds for the sake of simplicity. 
In particular, the A4C(M'^) sector of the theory suffices in this case. The whole 
theory should allow to treat in the same spirit more general tame manifolds. 

Some realized "exact" QFT. We say that a QFT is exact if the ampli- 
tudes are expressed by exact formulae, based on some effective encoding of the 
(equipped) marked bordisms. 

It has been argued (see for instance [2H]) that Turaev-Viro state sum invari- 
ants TVq{.) of compact closed 3-manifolds are partition functions of a QFT 
pertinent to 3D gravity with Euclidean signature and positive cosmological con- 
stant. In fact they can be considered as a countable family of regularizations, 
obtained by using the quantum groups Uq{sl{2,C)), of the Ponzano-Regge cal- 
culus based an the classical unitary group SU2. In fact TVq{.) = \Wq{.)\'^, where 
Wq{.) denotes the Witten-Reshetikhin-Turaev invariant and a complete topolog- 
ical QFT has been developed that embodies these last partition functions (see 

In the papers |8.^ a so called quantum hyperbolic field theory QHFT was devel- 
oped by using the bordism category (including particles) that we have depicted 
above. In fact this is a countable family of exact QFT's, indexed by odd integers 

> 1. The building blocks are the so called matrix dilogarithms, which are 
automorphisms of , associated to oriented hyperbolic ideal tetrahedra 
encoded by their cross-ratio moduli and equipped with an additional decoration. 
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They satisfy fundamental five-term identities that correspond to all decorated 
versions of the basic 2 — »• 3 move on 3-dimensional triangulations. For = 1, it 
is derived from the classical "commutative" Rogers dilogarithm; for > 1 they 
are derived from the cyclic representations theory of a Borel quantum subalgebra 
of f/^(sZ(2, C)), where ( = exp{2i7i/N). As for TVg, the exact amplitude formu- 
lae are state sums, supported by manifold decorated triangulations, satisfying 
non trivial global constraints. A very particular case of partition functions equal 
Kashaev's invariants of links in the 3-sphere [^Hj, later identified by Murakami- 
Murakami jU] as special instances of colored Jones invariants. 

Classical invariants and "Volume Conjectures". A fundamental test of 
pertinence to 3D gravity of the above exact QFT should consist in recovering, by 
suitable "asymptotic expansions", some fundamental classical geometric invari- 
ants. One can look in this spirit at the activity about asymptotic expansions of 
quantum invariants of knots and 3-manifolds (see for instance Chapter 7 of |1H] 
for an account of this matter). 

One usually refers to such challenging general problem about the asymptotic 
behaviour of QHFT partition functions as "Volume Conjectures", adopting in 
general the name of Kashaev's germinal one for the special case of hyperbolic 
knots K in 

QHFT classical state sums. A nice feature of QHFT is that as partition 
functions of the classical member of the family {N = 1) one computes 



Vol(.) and CS(.) being respectively the volume and the Chern-Simons invariant 
of both hyperbolic 3-manifolds of finite volume (compact and cusped ones) and 
of principal flat PSL (2, C)-bundles on compact closed manifolds (see jlH], [])• 

Volume rigidity. If is a compact closed hyperbolic 3-manifold, its volume 
coincides with the one of its holonomy, and this last is the unique maximum 
point of the volume function defined on B.om{7ii(W) , PSL{2, C))/PSL{2, C) (see 
|2bj). So this "volume rigidity" looks like a geometric realization of the minimal 
action principle in 3D Euclidean gravity with negative cosmological constant; 
Vol(.) +2CS(.) can be regarded as a natural complexification of that action, very 
close to the spirit of 



QHFT "Volume Conjectures" . We can find in some instances of "Volume 
Conjecture" (involving cusp manifolds, hyperbolic Dehn filling and the conver- 
gence to cusp manifolds ....) which, roughly speaking, predict that: 

'For N oo, suitable "quantum" partition functions asymptotically recover 
classical ones". 

These conjectures would be "geometrically well motivated" because both classical 
and quantum state sums are basically computed on the very same geometric 



Vol(.) +iCS(.) 




CHAPTER 1. GENERAL VIEW ON THEMES AND CONTENTS 



29 



support. As far as we know, all known instances of Volume Conjecture are open. 

Wick rotation-recaling and classical tunneling invariants. Let F be a geomet- 
rically finite hyperbolic 3-manifold as above. The finite volume of the convex 
core C{Y) is a basic invariant of Y. Let Y be non-compact, and assume that it is 
the support of a tunnel from a given input set of ends E^ toward an output set 
E^. The Wick rotation- rescaling theory suggests other natural invariants that 
are sensitive to the tunneling and not only to the geometry of the support 3- 
manifold: if E{S) G E_ we can associate to it the volume of the slab of the AdS 
AiC(lP) ending spacetime that supports the Wick rotation; if E{S) G -E+ 
we do the same by replacing with (U~^)*, via the T-symmetry. Recall that 
the T-symmetry holds because we are dealing with laminations with compact 
support. In fact these slabs are of finite volume, and volume formulas are derived 
at the end of Section 18.21 



Chapter 2 
Geometry models 



2.1 Generalities on (X, Cj-structures 

A nice feature of 3D gravity is that we have very exphcit (local) models for the 
manifolds of constant curvature, which we usually normalize to be k = or 
K = ±1. 

In the Riemannian case, these are the models M^, and of the fundamen- 
tal 3-dimensional isotropic geometries: flat, spherical and hyperbolic, respectively. 
These are the central objects of Thurston's geometrization program, which has 
dominated the 3-dimensional geometry and topology on the last decades. We will 
deal mostly with hyperbolic geometry. We refer, for instance, to [SH UHl EH] , and 
we assume that the reader is familiar with the usual concrete models of the hy- 
perbolic plane and space H^. We just note that the hyperholoid model of H", 
embedded as a spacelike hypersurface in the Minkowski space M""*"^, establishes 
an immediate relationship with Lorentzian geometry. The restriction to H" of 
the natural projection of M*^^^ \ {0} onto the projective space, gives the Klein 
projective model of H". On the other hand, the Poincare disk (or half-space) 
model of concretely shows its natural boundary at infinity S*^ = CP^, and 
the identification of the isometry group Isom"'"(]HI'^) with the group PSL{2, C) of 
projective transformations of the Riemann sphere (H^ is oriented in such a way 
that the boundary orientation coincides with the complex one). 

Also in the Lorentzian case, for every k = 0, ±1, we will present an isotropic 
model, that is a Lorentzian manifold, of constant curvature equal to k, such that 
the isometry group acts transitively on it and the stabilizer of a point is the group 
0(2, 1). This is denoted by X^, and called the 3-dimensional Minkowski, de Sitter 
and Anti de Sitter spacetime, respectively. 

An interesting property of an isotropic manifold X is that every isometry 
between two open sets of X extends to an isometry of the whole X. Moreover, 
each of our concrete models is real analytic and the isometry groups is made 
by analytic automorphisms. Thus, we can adopt the very convenient technology 
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of {li,Q)-'manifolds, i.e. manifolds equipped with (maximal) special atlas (see 
e.g. [S3 or Chapter B of ^H] for more details). We recall that X denotes the 
model (real analytic) manifold, ^ is a group of analytic automorphisms of X 
(which possibly preserve the orientation). A special atlas has charts with values 
onto open sets of X, and any change of charts is given by the restriction to each 
connected component of its domain of definition of some element g & Q. For 
every (X, ^)-manifold M, a very general analytic continuation- like construction, 
gives pairs {D, h), where D : M — + X is a developing map defined on the universal 
covering of M, h : ni{M) — ^> ^ is a holonomy representation of the fundamental 
group of M. Moreover, we can assume that D and h are compatible, that is, for 
every 7 G tti{M) we have D{'~^{x)) = h{'j){D{x)), where we consider the natural 
action of the fundamental group on M, and the action of Q on X, respectively. The 
map D is a local isomorphism (a local isometry in our concrete cases), and it is 
unique up to post-composition by elements g E Q. The holonomy representation 
h is unique up to conjugation hy g & Q. An (X, ^)-structure on M lifts to a 
locally isomorphic structure on M, and these share the same developing maps. 
In many situations it is convenient to consider this lifted structure, keeping track 
of the action of vri(M) on M . 

With this terminology, oriented (non necessarily complete) hyperbolic 3- man- 
ifolds coincide with (tf, Isom'''(H^))-manifolds, as well as any 2 + 1 spacetime of 
constant curvature k is just a (X^, Isom'''(XK))-manifold. 

We will apply this technology also to deal with (complex) projective structures 
on surfaces, that are by definition (S"^, PSL{2, C))-manifold structures. In every 
case, the data {D, h) determine the isomorphism class of such manifolds. 

Although geometry models are a very classical matter, for the convenience 
of the reader we are going to treat somewhat diffusely the Lorentzian models, 
giving more details for the perhaps less commonly familiar de Sitter and anti de 
Sitter ones. At the end of the Chapter we will also discuss complex projective 
structures on surfaces, including the notions of H-hull, canonical stratification 
and Thurston metric. 

2.2 Minkowski space 

We denote by Xq the 3-dimensional Minkowski space M'^, that is M'^ endowed 
with the flat Lorentzian metric 

ho = —dxl + dxl + dxl . 

Geodesies are straight lines and totally geodesic planes are affine planes. 
The orthonormal frame 

d d d 
dxo ' dxi ' dx2 
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gives rise to an identification of every tangent space T^Xq witli provided witli 
tlie Minkowskian form 

{v, w) = —VqWo + ViWi + V2W2 . 

This (ordered) framing also determines an orientation of Xq and a time-orientation, 

d 

by postulating that — — is a future timelike vector. The isometrics of Xo coincide 

with the affine transformations of with linear part preserving the Minkowskian 
form. The group ISO^CKq) of the isometrics that preserve both the orientation 
of Xo and the time orientation, coincides with xi S0~^{2, 1), where S0~^{2, 1) 
denotes the group of corresponding linear parts. 

There is a standard isometric embedding of into Xq which identifies the 
hyperbolic plane with the set of future directed unitary timelike vectors, that is 

= e R^l {v, v) = -1 and vq > 0}. 

Clearly S0^{2, 1) acts by isometrics on H^, this action is faithful and induces an 
isomorphism between S0~^{2, 1) and the whole group of orientation preserving 
isometries of tf. Many of the above facts extend to Minkowski spaces M" of 
arbitrary dimension. 

2.3 De Sitter space 

Let us consider the 4- dimensional Minkowski spacetime (M'', (•,•)) and set 

±i^{ve R^l {v,v) = 1} . 

It is not hard to show that Xi is a Lorentzian sub-manifold of constant curvature 
1. Moreover the group 0(3, 1) acts on it by isometries. This action is transi- 
tive and the stabilizer of a point is 0(2, 1). It follows that Xi is an isotropic 
Lorentzian spacetime and 0(3, 1) coincides with the full isometry group of Xi. 
Notice that Xi is orientable and time-orientable. In particular S0^(3,l) is the 
group of time-orientation and orientation preserving isometries whereas S0(3, 1) 
(resp. 0"'"(3, 1)) is the group of orientation (resp. time-orientation) preserving 
isometries. 

The projection of Xi into the projective space is a local embedding onto 
an open set that is the exterior of the Klein model of in (that is a regular 
neighbourhood of in P^). We denote this set by Xi. Now the projection 
TT : Xi — > Xi is a 2-fold covering and the automorphism group is {±Id}. Thus 
the metric on Xi can be pushed forward to Xi . In what follows we consider always 
Xi endowed with such a metric and we call it the Klein model of de Sitter space. 
Notice that it is an oriented spacetime (indeed it carries the orientation induced 
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by P^) but it is not time-oriented (automorphisms of the covering Xi — > Xi are 
not time-orientation preserving). 

Since the automorphism group {^Id} is the center of the isometry group 
of 0(3,1), Xi is an isotropic Lorentz spacctime. The isometry group of Xi is 
0(3, 1)/ ± Id. Thus the projection 0^(3, 1) Isom(Xi) is an isomorphism. 
We give another description of Xi. Given a point e Xi, the plane cuts 
along a totally geodesic plane P+{v). In fact we can consider on P+{v) the 
orientation induced by the half-space U{v) — {x E M^Kx^v) < 0}. In this 
way Xi parameterizes the oriented totally geodesic planes of tf. If wc consider 
the involution given by changing the orientation on the set of the oriented totally 
geodesic planes of tf, then the corresponding involution on Xi is simply v h- >■ —v. 
In particular, Xi parameterizes the set of (un-oriented) hyperbolic planes of H^. 
For every v e Xi, P{v) denotes the corresponding plane. For 7 e 0'^(3, 1) we 
have 

P(7x) = 7(P(x)) 
(notice that 0^(3, 1) is the isometry group of both Xi and tf). 

Just as for M^, the geodesies in Xi are obtained by intersecting Xi with linear 
2-spaces. Thus geodesies in Xi are projective segments. It follows that, given two 
points p, g e Xi , there exists a unique complete geodesic passing through them. 

A geodesic line in Xi is spacelike (resp. null, timelike) if and only if it is the 
intersection of Xi with a spacelike (resp. null, timelike) plane. For x e Xi and a 
vector V tangent to Xi at x we have 

if {v, v) = 1 exp^{tv) — cos tx + sin t v 

if {v, v) = exp^{tv) = X + tv 

if {v,v) = —1 exp^{tv) = cht X + shtv. 

This implies that a complete geodesic line in Xi is spacelike (resp. null, timelike) 
if it is a complete projective line contained in Xi (resp. if it is a projective line 
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tangent to M^, if it is a projective segment with both the end-points in (9E[^). 
Spacehke geodesies have finite length equal to tt. Timelike geodesies have infinite 
Lorentzian length. 

Take a point x eM^ and a unit vector v E TJH^ = x'^. Clearly we have v E Xi 
and X E T^^i. Notice that the projective line joining [x] and [v] in P'^ intersects 
both and Xi in complete geodesic lines c and c*. They are parametrized in 
the following way 

c(t) = [chtx + shtv] , 
c*{t) ^ [chtv + shtx] . 

We say that c* is the continuation to c. They have the same end-points on S^^ 
that are [x + f] and [x — f]. Moreover if c' is the geodesic ray starting from x with 
speed V the continuation ray (c')* is the geodesic ray on c* starting at v with the 
same limit point on S^^ as c'. 



2.4 Anti de Sitter space 

As for the other cases, we will recall some general features of the AdS local model 
that we will use later. In particular, both spacetime and time orientation will 
play a subtle role, so it is important to specify them carefully. 

Let M2(M) be the space of 2 x 2 matrices with real coefficients endowed with 
the scalar product rj induced by the quadratic form 

q{A) = -detA . 

The signature of r] is (2, 2). The group 

SL(2, R) = {A\q{A) = -1} 

is a Lorentzian sub-manifold of M2(]R), that is the restriction of t] on it has 
signature (2, 1). Given A, B E SL(2, M), we have that 

q{AXB) ^ q{X) for X E M2(M) 

Thus, the left action of SL(2, R) x SL(2, R) on M2(M) given by 

{A,B) ■ X = AXB-^ (2.1) 

preserves 77. In particular, the restriction of rj on SL(2, M) is a bi-invariant 
Lorentzian metric, that actually coincides with its Killing form (up to some mul- 
tiplicative factor). For X,Y E s[(2,]R) we have the usual formula 



irXY = 2r]{X, Y) 



CHAPTER 2. GEOMETRY MODELS 



35 



We denote by X_i the pair (SL(2, M), r/). Clearly X_i is an orientable and time- 
orientable spacetime. Hence, the above rule ()2.1|1 specifies a transitive isometric 
action of SL(2, M) x SL(2, M) on 

The stabilizer of Id G X_i is the diagonal group A = SL(2, M). The differen- 
tial of isometrics corresponding to elements in A produces a surjective represen- 
tation 

A^SO+(s[(2,M),r7„). 

It follows that X_i is an isotropic Lorentzian spacetime and the isometric action 
on X_i induces a surjective representation 

$ : SL(2, M) X SL(2, M) Isomo(X„i) . 

Since ker $ = {—Id, —Id), we obtain 

Isomo(X_i) = SL(2, M) x SL(2, M.)/{-Id, -Id) . 

The center of Isomo(X_i) is generated by [Id, —Id] = [—Id, Id]. Hence, rj induces 
on the quotient 

PSL{2,R) = SL(2, R)/±Id 

an isotropic Lorentzian structure. We denote by X_i this spacetime and call it the 
Klein model of Anti de Sitter spacetime. Notice that left and right translations 
are isometrics and the above remark implies that the induced representation 

$ : PSL{2,R) X PSL{2,R) Isomo(X_i) 

is an isomorphism. 

The boundary of X_i Consider the topological closure PSL{2,R) of PSL{2, R) 
in = P(M2(M)). Its boundary is the quotient of the set 

{XGM2(R)\{0}|g(X) = 0} 

that is the set of rank 1 matrices. In particular, dPSL{2, R) is the image of the 

Segre embedding 

V w] eR . 

Thus dPSL{2,R) is a torus in P'^ and divides it in two solid tori. In particular, 
PSL{2,R) is topologically a solid torus. 

The action of PSL{2, R) x PSL{2, R) extends to the whole of X_i. Moreover, 
the action on P^ x P^ induced by the Segre embedding is simply 

{A,B){v,w) = {Av,B*w) 
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where we have set B* = (B ^)'^ and considered the natural action of PSL(2,'K) 
on = dM."^. If E denotes the rotation by 7i/2 of M^, it is not hard to show that 

EAE-^ = {A'Y 

for A e PSL{2,R). 

It is convenient to consider the following modification of Segre embedding 

5 : X 9 {[v], [w]) ^[v® (Ew)] G P^ 

With respect to such a new embedding, the action of PSL{2, M) x PSL{2, M) on 
c)X_i is simply 

{A,B){x,y) = {Ax,By). 

In what follows, we will consider the identification of the boundary of X_i with 
P^ X P^ given by S. 

The product structure on 9X_i given by S is preserved by the isometrics of 
X_i. This allows us to define a conformal Lorentzian structure {i.e. a causal 
structure) on (9X_i. More precisely, we can define two foliations on (9X_i. The 
left foliation is simply the image of the foliation with leaves 

/H = {(W,M)IWeP'} 

and a leaf of the right foliation is the image of 

>] = {(M,M)IMeP^}. 

Notice that left and right leaves are projective lines in P^. Exactly one left and 
one right leaves pass through a given point. On the other hand, given right leaf 
and left leaf meet each other at one point. Left translations preserve leaves of 
left foliation, whereas right translations preserve leaves of right foliation. 

The leaves of the right and left foliations are oriented as the boundary of . 
Thus if we take a point p G (9X_i, the tangent space Tp5X_i is divided by the 
tangent vector of the foliations in four quadrants. By using leaf orientations we 
can enumerate such quadrants as shown in figure 12.21 Thus we consider the 
1 + 1 cone at p given by choosing the second and fourth quadrants. We make 
this choice because in this way the causal structure on dX_i is the "limit" of the 
causal structure on X_i in the following sense. 

Suppose An to be a sequence in X_i converging to A G (9X_i, and suppose 

£ ^A„X_i to be a sequence of timelike vectors converging to X G T^(9X_i, 
then X is non-spacelike with respect to the causal structure of the boundary. 

Notice that oriented left (resp. right) leaves are homologous non-trivial simple 
cycles on 9X_i, so they determine non-trivial elements of II^((9X_i) that we 
denote by and cr. 
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Figure 2.2: The product structure on 5X_i. 



Geodesic lines and planes Geodesies in X_i are obtained by intersecting 
projective lines with X_i. 

A geodesic is timelike if it is a projective line entirely contained in X_i; its 
Lorentzian length is vr. In this case it is a non-trivial loop in X_i (a core). Take 
X G X_i and a unit timelike vector v G T^^X-i . If x is a pre-image of x in X_i 
and V G T^X-i is a pre-image of v, then we have 

exp^ tv — [cos tx + sin t v] . 

A geodesic is null if it is contained in a projective line tangent to 5X_i. Given 
X G X_i, and a null vector v G T^X^i, if we take x and v as above we have 

exp^ tv — [x + tv] . 

Finally, a geodesic is spacelike if it is contained in a projective line meeting 
9X_i at two points; its length is infinite. Given x G X_i and a unit spacelike 
vector V at x, fixed x and v as above, we have 

exp^ tv = [cht X + sht v] . 

Geodesies passing through the identity are 1-parameter subgroups. Elliptic 
subgroups correspond to timelike geodesies, parabolic subgroups correspond to 
null geodesies and hyperbolic subgroups are spacelike geodesies. 

Totally geodesic planes are obtained by intersecting projective planes with 
X_i. 

If 14^ is a subspace of dimension 3 of M2 (M) and the restriction of rj to it has 
signature (m+,m_), then the projection P of 1^ in intersects PSL{2,M.) if 
and only if m_ > 0. In this case the signature of PnX_i is {m^,m^ — 1). Since 
77 restricted to P is a flat metric we obtain that 
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Figure 2.3: The dual plane of a point p G X_i. 

1. IfPnX _i is a Riemannian plane, then it is isometric to H . 

2. If P n X_i is a Lorentzian plane, then it is a Moebius band carrying an 
Anti de Sitter metric. 

3. If P n X_i is a null plane, then P is tangent to 9X_i. 

Since every spacelike plane cuts every timelike geodesic at one point, space- 
like planes are compression disks of X_i. The boundary of a spacelike plane is a 
spacelike curve in 9X_i and it is homologous to cl + cr. Every Lorentzian plane 
is a Moebius band. Its boundary is homologous to cl — cr. Every null plane is a 
pinched band. Its boundary is the union of a right and a left leaf. 

Duality in X_i The form r] induces a duality in between points and planes, 
and between projective lines. Since the isometrics of X_i are induced by linear 
maps of M2(]R) preserving r], this duality is preserved by isometrics of X_i. 

If we take a point in X_i its dual projective plane defines a Riemannian plane 
in X„i and, conversely, Riemannian planes are contained in projective planes dual 
to points in X_i. Thus a bijective correspondence between points and Riemannian 
planes exists. Given a point x e X_i, we denote by P{x) its dual plane and, 
conversely, if P is a Riemannian plane, then x{P) denotes its dual point. If we 
take a point x G X_i and a timelike geodesic c starting at x and parametrized in 
Lorentzian arc-length we have that c(7r/2) G P{x). Moreover, this intersection is 
orthogonal. Conversely, given a point y in P{x), there exists a unique timelike 
geodesic passing through x and y and such a geodesic is orthogonal to P{x). By 
using this characterization, we can see that the plane P{Id) consists of those 
elliptic transformations of that are the rotation by tt at their fixed points. In 
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this case an isometry between P(Id) and is simply obtained by associating to 
every x G P{Id) its fixed point in M^. Moreover, such a map 

I : P{Id) 

is natural in the following sense. The isometry group of P{Id) is the stabilizer 
of the identity, that we have seen to be the diagonal group A C P5'L(2,R) x 
PSL{2,^). Then we have 

7 o (7, 7) = 7 o 7. 

The boundary of P{Id) is the diagonal subset of 9X_i = x that is 

dP{Id) = {{x,x) G dX_i\x G P^}. 
The map / extends to P{Id), by sending the point {x,x) G dP{Id) to x G P"*^ = 

Remark 2.4.1 The plane P{id) could be regarded as the set of projective classes 
of timelike vectors of (s[(2, M), r^/^i). The isometry 7 : P{id) "M? extends to a 
linear isometry 7 : s[(2, M) Xq that is PSL{2, M) cquivariant, where PSL{2, M) 
acts on 5l{2, M) via the adjoint representation and on Xq via the canonical iso- 
morphism PSL{2,R) ^ SO{2, 1). If / is an oriented geodesic of if = P{id) 
whose end-points are projective classes of null vectors x~,x~^, then the infinites- 
imal generator of positive translations along /, say X{1) G sl(2,M) is sent by / 
to the unit spacelike vector v G Xq orthogonal to / such that x~,x~^,v form a 
positive basis of Xq. 

The dual point of a null plane P is a point x{P) on the boundary (?X_i. It 
is the intersection point of the left and right leaves contained in the boundary of 
that plane. Moreover, the plane is foliated by nuU-geodesics tangent to 9X_i at 
x{P). Conversely, every point in the boundary is dual to the null-plane tangent 
to 9X_i at X. 

Finally the dual line of a spacelike line / is a spacelike line /*. Actually /* is the 
intersection of all P{x) for a; G /. /* can be obtained by taking the intersection 
of null planes dual to the end-points of /. In particular, if x_ and x+ are the 
end-points of I, then the end-points of 1* are obtained by intersecting the left leaf 
through X- with the right leaf through x+, and the right leaf through X- with 
the left leaf through respectively. 

There is a simple interpretation of the dual spacelike geodesic for a hyperbolic 
1-parameter subgroup /. In this case /* is contained in P{Id) and is the inverse 
image through 7 of the axis fixed by I in tf. Conversely, geodesies in P{Id) 
correspond to hyperbolic 1-parameter subgroups. 
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Orientation and time-orientation of X„i In order to define a time-orientation 
it is enougli to define a time orientation at Id. This is equivalent to fixing an ori- 
entation on the elliptic 1-parameter subgroups. We know that such a subgroup 
r is the stabilizer of a point p E M^. Then we stipulate that an infinitesimal 
generator X of F is future directed if it is a positive infinitesimal rotation around 
p. 

A spacelike surface in a oriented and time-oriented spacetime is oriented by 
means of the rule: first the normal future- directed vector field. So, we choose 
the orientation on X_i that induces the orientation on P{Id) that makes / an 
orientation-preserving isometry. 

Clearly, orientation and time-orientation on X_i induce orientation and a 
time-orientation on the boundary. Choose a future-directed unit timelike vector 
-^0 £ TjdK-i and consider the 1-parameter group of isometrics of X_i given by 

Ut = (exp(tXo), 1) 

The corresponding Killing vector field is the right-invariant field X{A) = XqA, 
that is future-directed. Such a field extends to X_i. Moreover, since for every 
x,y Ef^ we have 

UtS{x,y) = S{exp{tXQ)x,y) 

we see that on (9X_i the vector field X is a positive generator of the left foliation 
(positive with respect to the identification of left leaves with given by S). So, 
a positive generator of the left foliation is future- oriented. 

An analogous computation shows that a positive generator of the right folia- 
tion is past oriented. 

Let cl and cr be respectively positive generators of the left and right folia- 
tions on dH-i. The positive generator of dP{Id) (positive with respect to the 
orientation induced by P{Id)) is a positive combination of and e^. It easily 
follows that a positive basis of TdX_i is given by {cr, cl). 

2.5 Complex projective structures on surfaces 

A complex projective structure on a oriented connected surface S* is a (5*^, PSL{2, C))- 
structure (respecting the orientation). 

We will often refer to a parameterization of complex projective structures 
given in That work is a generalization (even in higher dimension) of a pre- 
vious classification due to Thurston when the surface is assumed to be compact. 
Another very similar treatment can be found in H|. 

In this section we will recall the main constructions of [3^], but we will omit 
any proof, referring to that work. 
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Let us take a projective structure on a surface S and consider a developing 
map 

Pulling back the standard metric of S*^ on S is not a well-defined operation, as it 
depends on the choice of the developing map. Nevertheless, by the compactness 
of S^^, the completion S" of S" with respect to such a metric is well-defined. By- 
looking at 5* we can focus on 3 cases that lead to very different descriptions: 

1) S* is complete: in this case D is a homeomorphism so that S is S*^ (with the 
standard structure). We say that 5* is of elliptic type. 

2) S\S consists only of one point: in this case S is projectively equivalent to 
and the holonomy action preserves the standard Euclidean metric (in particular 
5* is equipped with a Euclidean structure). We say that S is of parabolic type. 

3) S \ S contains at least 2 points: in this case we say that S is of hyperbolic 
type. 

Clearly, the most interesting case is the third one (for instance, it includes the 
case when 7ri(S') is not Abelian). In this case, by following an idea of Thurston, 
Kulkarni and Pinkall constructed a canonical stratification of S. Let us quickly 
explain their procedure. 

A round disk in S" is a set A such that D|a is injective and the image of A is 
a round disk in S"^ (this notion is well defined because maps in PSL{2, C) send 
round disks onto round disks). Given a maximal disk A (with respect to the 
inclusion), we can consider its closure A in 5*. 

A is sent by D to the closed disk -D(A). In particular if denotes the 
pull-back on A of the standard hyperbolic metric on -D(A), we can regard the 
boundary of A in as its ideal boundary. 

Since A is supposed to be maximal, A is not contained in S. So, if Aa denotes 
the set of points in A\S, let A be the convex hull in (A, g/^) of Aa (by maximality 
Aa contains at least two points). 

Proposition 2.5.1 ^39] For every point p E S there exists a unique maximal 
disk A containing p such that p E A. 

So, {A|A is a maximal disk} is a partition of S. We call it the canonical strati- 
fication of S. Clearly the stratification is invariant under the action of 7ri(S'). 

Let g be the Riemannian metric on 5" that coincides at p with the metric g^, 
where A is the maximal disk such that p G A. It is a conformal metric, in the 
sense that it makes D a conformal map. It is C^'^ and is invariant under the 
action of ni{S). So, it induces a metric on S. We call it the Thurston metric on 
S. 
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Figure 2.4: The construction of tlie if-iiull. 

By means of the canonical stratification, we are going to construct a hyperbolic 
structure on S* x (0, +cxd). In particular, we construct an /i-equivariant local 
homeomorphism 

dev. S X (0, +oo) If 

(where h is the holonomy of S). For p E S let A{p) denote the maximal disk 
such that p E A{p). The boundary of D{A{p)) can be regarded as the boundary 

of a plane P{p) of M^. Denote by p : H — > P the nearest point retraction. 
Then dev{p, ■) parameterizes in arc-length the geodesic ray of with end-points 
p{D{p)) e P and D{p) (see Fig.Q- 

Proposition 2.5.2 '^39] dev is a C^'^ developing map for a hyperbolic structure 
on S X (0, +oo) . Moreover it extends to a map 

lev : S X {0, +oo] ^ 

such that dev\g^^_^_^y is a developing map for the complex projective structure on 
S. 

We call such a hyperbolic structure the H-hull of S and denote it by H{S). Now 

H{S) is never a complete hyperbolic manifold. If H{S) is the completion of 

H{S) let us set P{S) = H{S) \ H{S). Now, P{S) takes a well-defined distance, 
induced by the distance of through the developing map. In [3^1 it is shown 
that P{S) is isometric to a straight convex set of H^. Moreover the developing 
map (regarding P as boundary of H{S)) 

dev : P{S) If 

is the bending of P{S) along a measured geodesic lamination X{S) on it (see Sec- 
tion EiU for the rigorous definition of measured geodesic lamination on a straight 
convex set). 
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Figure 2.5: The if-hull and the canonical stratification associated to a simply con- 
nected domain of C. 

Theorem 2.5.3 The correspondence 

induces a bijection among the complex projective structures on a disk of hyperbolic 
type (up to projective equivalence) and the set of measured geodesic laminations 
on straight convex sets (up to PSL{2,'R)-action). 

Remark 2.5.4 When the developing map is an embedding S S^^ and the 
boundary of S in S'^ is a Jordan curve, we can give a simpler description of 
Kulkarni-Pinkall constructions. In this case, we can consider the convex hull K 
of dS in (see Fig. Then, 

1. H(S) is the component of H'^ \ i^' that is close to S. 

2. P{S) is the component of dK facing towards S. 

3. The canonical stratification of 5* is obtained by taking the inverse images of 
the faces of P{S) through the nearest point retraction. 

4. The lamination associated to 5* is obtained by depleating P{S). 

If 5* has non-Abelian fundamental group, then the projective structures on 5* 
are of hyperbolic type. Moreover the pleated set P{S) is not a single geodesic 
{i.e., the interior of P{S) is non-empty). By looking at the construction of the 
i7-hull and of P{S) we can see that there exists a natural retraction 

p -.HiS) ^ P{S) . 

In particular 7ri(S') acts free and properly discontinuously on the interior of P{S), 
and the quotient P{S)/7ii{S) is homeomorphic to S. 
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Corollary 2.5.5 Let S be a surface with non-Ahelian fundamental group. For 
a projective structure F on S denote hy hp the hyperbolic holonomy of P{F) 
and by Xp = {P{F), Cp, ^p) the measured geodesic lamination associated to the 
universal covering space. Then the map 

F^[hp,Xp] 

induces a bisection between the set of complex projective structures on S and the 
set M.C^s (defined in Corollary \1.4.5\ ). 



Chapter 3 

Flat globally hyperbolic 
spacetimes 

The main goal in this chapter is to prove the results on the classification of 3- 
dimensional maximal globally hyperbolic flat spacetimes stated in Section 11.41 
Before doing it we will recall some general facts about globally hyperbolic space- 
times and the cosmological time. 

3.1 Globally hyperbolic spacetimes 

A spacelike hypersurface in a spacetime M is a Cauchy surface if any inexten- 
sible causal curve of M intersects S exactly in one point. 

A spacetime M is globally hyperbolic if it contains a Cauchy surface. 

Remark 3.1.1 The usual definition of global hyperbolcity is rather different. 
On the other hand by a theorem of Geroch [HBl it is equivalent to that given 
above, which is more expressive for our purpose. 

A globally hyperbolic spacetime M satisfies some strong properties: 

1) It is "topologically simple" , i. e. it is homeomorphic to S* x M, S being a Cauchy 
surface. 

2) There exists a real-valued function r on M such that the gradient of r is a 
unit timelike vector and level surfaces of r are Cauchy surfaces. 

3) If S" is a Cauchy surface for a spacetime M, then its lifting, say S, on the 
isometric universal covering M, is a Cauchy surface for M. In particular, if M is 
globally hyperbolic, so is M. 

If M is a spacetime of constant curvature k, and S" is a spacelike slice of M, 
then its first and second fundamental forms obey to a differential equation, said 
Gauss-Codazzi equation. 
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Conversely, by a classical result of Choquet-Bruhat and Geroch ||2^, given 
a scalar product g and a symmetric bilinear form b on S satisfying the Gauss- 
Codazzi equation, there exists a unique (up to isometries) maximal globally hy- 
perbolic Lorentzian structure of constant curvature k on S* x M, such that 

- S* X {0} is a Cauchy surface; 

- The first and the second fundamental form of 5 x {0} are respectively g and b. 

Remark 3.1.2 Let us make precise what maximal means in this context. 

A constant curvature globally hyperbolic spacetime M is said maximal if 
every isometric embedding of M into a constant curvature spacetime M' sending 
a Cauchy surface of M onto a Cauchy surface of M' is an isometry. 

For instance the future of in Xq is a maximal globally hyperbolic space- 
time (in the above sense), even if it is embedded in a bigger globally hyperbolic 
spacetime (the whole Xq). 

A standard way to treat the classification problem of constant curvature glob- 
ally hyperbolic spacetimes is then to solve the Gauss-Codazzi equation on S. 

A problem in such an approach is that different solutions can lead to the same 
spacetime: in fact solutions of Gauss-Codazzi equations are in 1-to-l correspon- 
dence with pairs {M,S), M being a maximal globally hyperbolic spacetime of 
constant curvature n and 5* being a Cauchy surface embedded in M. 

A possible way to overcome this difficulty is to impose some supplementary 
condition to the space of solutions that translates some geometric property on 5* 
into M. 

For instance a widely studied possibility is to require the trace of b with respect 
to g to be constant, that is that the surface S has constant mean curvature in M 
(e.g. we refer to gl EHl)- 

The approach we follow in this paper is rather different. We will give a global 
description of constant curvature spacetimes in terms of some parameters, that 
are a hyperbolic structure (possibly with geodesic boundary) on S and a mea- 
sured geodesic lamination. In some sense, such parameters encode the intrinsic 
geometry of the asymptotic states of the so called cosmological time rather than 
the embedding data of some Cauchy surface. 

3.2 Cosmological time 

We refer to [2] for a general and careful treatment of this matter. Here we limit 
ourselves to recalling the main features of this notion. 

Let M be any spacetime. The cosmological function of M 



t: M ^ (0,+oo] 
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is defined as follows: let C (g) be the set of past-directed causal curves in M 
that start at g G . Then 

r(g) =sup{L(c)| c G C-(g)} , 

where L(c) denotes the Lorentzian length of c. In general, the cosmological 
function can be very degenerate; for example, on the Minkowski space r is the 
+oo-constant function. We say that r is regular if: 

(1) r(g) is finite valued for every q G M; 

(2) r — >■ along every past-directed inextensible causal curve. 

It turns out that if r is regular, it is a continuous global time on M that we 
call its canonical cosmological time. 

Having canonical cosmological time has strong consequences for the structure 
of M, and r itself has stronger properties than the simple continuity; we just 
recall that: 

- r is locally Lipschitz and twice different iable almost everywhere; 

- each r-level surface is a future Cauchy surface {i.e. each inextensible causal 
curve that intersects the future of the surface actually intersects it once); 

- M is globally hyperbolic; 

- For every q G M, there exists a future-directed time-like unit speed geodesic 
ray 7g : (0, T(g)] M such that: 

Iqi-riq)) = q , r(7gW) = t . 

The equivalence classes of these rays up to a suitable past-asymptotic equiva- 
lence can be interpreted as forming the initial singularity of M (which of course is 
not contained in the spacetime). This set could be also endowed with a stronger 
geometric structure. In fact, we are going to deal with spacetimes having rather 
tame canonical cosmological time; in these cases the geometry of the initial sin- 
gularity will quite naturally arises. 

3.3 Regular domains 

A flat regular domain U in the Minkowski space Xq, is a convex domain that 
coincides with the intersection of the future of its null support planes. We also 
require that there are at least two null support planes. Note that a regular domain 
is future complete. We state here Barbot's results in 3 dimensions. 

Theorem 3.3.1 Let M be a maximal globally hyperbolic spacetime con- 

taining a complete Cauchy surface S . Then any developing map is an embedding, 
so that a universal covering M can be identified with a domain in Xq. Moreover, 
up to changing the time orientation, one of the following sentences holds 
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1. M = Xq and the holonomy group acts by spacelike translations on Xq (either 
7ri(M) is isomorphic to {0}, or to Z, or to 1^); 

2. M is the future of a null plane P, and the holonomy acts by spacelike trans- 
lations (in particular, iti{M) either is {0} or Z); 

3. M = I'^(-P) n 1~{Q), where P and Q are parallel null planes: in this case the 
holonomy group is isomorphic to either {0} or Z; 

4- M is the future of a spacelike geodesic line, and the holonomy group is iso- 
morphic to either {0}, or Z, or Z © Z; 

5. M is a regular domain different from the future of a spacelike geodesic line 
and the linear holonomy vri(M) = 7ri(S') S0^{2, 1) is a faithful and discrete 
representation. 

Corollary 3.3.2 Let the Cauchy surface S have non-Abelian fundamental group. 
Then the universal covering M of M (as in the previous Theorem) is a regular do- 
main different from the future of a spacelike geodesic line and the linear holonomy 
is a faithful and discrete representation hi : tti{S) 5*0(2, 1). 

Note that in the first 3 cases of the above theorem, M does not have canonical 
cosmological time. On the other hand, we have: 

Proposition 3.3.3 Every flat regular domainU has canonical cosmological time 
T. In fact T is a C^'^ -submersion onto (0, +cxo). Every T-level surface lA{a), 
a G (0,+oo), is a complete Cauchy surface ofU. For every x ElA, there is a 
unique past-directed geodesic timelike segment that starts at x, is contained in 
lA, has finite Lorentzian length equal to T{x). 

Proof : We only give a sketch of the proof of this theorem, referring to [HI for 
a complete proof. 

A first very simple remark is that the cosmological time function T is finite- 
valued. In fact, since U is convex, the Lorentzian distance between two time- 
related points is realized by the geodesic segment between them. Since I~ (p) fl U 
is compact for every p & U, the maximum of the distance from p is attained by 
some point on the boundary. 

In 1~ (p) the level surfaces of the distance from p are strictly convex in the past, 
whereas U is convex in the future. It follows that, if the maximum of the distance 
from p is attained at r, then the level surface through r and the boundary of U 
meet only at p. 

Eventually, there exists only a point r = r{p) G dU such that T{p) is the 
length of the timelike segment [r{p),p]. The map 
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a) The future of a point. 




c) The intersection of the future of 4 
null planes through 0. 



^ - - - 




e) The future of a compact 
spacehke tree. 




b) The future of a spacehke hne. 




d) The future of a spacelike segment. 




f) The future of the curve S = {(fit), t, 0)} 
where / is a convex 1-Lipshitz function. 



Figure 3.1: Examples of regular domains. 
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turns to be Lipschitz, so that T is a continuous function. 

The point r{p) can be characterized as the unique point r on dU such that the 
plane through it, orthogonal to the segment [r,p] is a spacelike support plane. In 
particular, we get that r{q) = r{p) for every point q on the geodesic line passing 
through p and r{p). 

T is C^'^ and the gradient of T can be expressed by the following formula 

gradT(p) = --^(p- r(p)) . (3.1) 
T{p) 

Let us sketch how this formula can be proved. Given p G W let W_ be the future of 
the point r(p) and W+ be the future of the spacelike plane through r{p) orthogonal 
to p — r{p). We have 

W_ C W C W+ . 

Let T± denote the cosmo logical time on U±. These functions are smooth and we 
have 

T_ < T < T+ 
T4p)=Tip)=T4p) 

gradr_(p) = gradT+(p) = -Tj^iP - r{p)) . 

T{p) 

Formula 1)3.11) easily follows. 

Finally, grad T is a past directed unit timelike vector field such that its integral 
lines are geodesies. On the other hand, it is proved in [Hj(l) that the level sets of 
T are complete Cauchy surfaces. 

■ 

We have associated to every regular domain 

1) The cosmological time T; 

2) The retraction in the past r :U dU; 

3) The Gauss map N : U 3 p ^ — gradT(p) G tf. 

By the formula of the gradient we obtain the following (very convenient) decom- 
position of points in U 

p = r{p) + T{p)N{p) for every p G W . (3-2) 

If / is an isometry of U the following invariance conditions hold 

Tifip)) = T{p) 
r{f{p)) = f{r{p)) 
N{f{p)) = L{f)N{p) 

where L{f) is the linear part of /. Let us remark that the name "Gauss map" is 
appropriate, because it coincides with the Gauss map of the level surface of T. 
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The image of the Gauss map can be interpreted as the set of spacehke direc- 
tions orthogonal to some spacehke support plane for L(. So, it is a convex set. 
Since U is a regular domain, it follows that its closure Hu is a straight convex 
set in H^, that is a closed subset obtained as the the convex hull of a set of 
points in S"^ = c^EI^ (corresponding in this case to the null support planes). We 
say that such a straight convex set (as well as the associated regular domain) is 
non-degenerate if it is 2-dimensional. 

Given p in W we have seen that U is contained in the future of the plane passing 
through r{p) and orthogonal to N{p). So we obtain the following inequality, that 
we shall often use throughout this work: 

{N{p),r{q)-r{p))<0 (3.3) 

for every p,q E U. The equality holds if and only if the segment [r{p),r{q)] is 
contained in dU. 

Let us point out another meaningful inequality that immediately descends 
from (Q 

{N{p) — N{q),r{p) — r{q)) > for every p,q eU . 
Again the equality holds if and only if the segment [r{p),r{q)] is contained in dU. 

By means of this inequality we may prove that the restriction of the Gauss 
map on the level surface U{a) is 1/a-Lipschitz. Indeed, if c{t) is a Lipschitz path 
on U (a) then we have 

c(t) = r(t) + aN{t) 

where r(t) = r{c{t)) and N(t) = N{c(t)) are Lipschitz. By inequality ()3.3|) we 
see that (r, iV^ > almost everywhere. So we deduce that 

|c| > a\N\ 

almost everywhere. This inequality shows that : V({a) — > is 1/a-Lipschitz. 

The initial singularity S is the image of r. It coincides with the set of points 
in the boundary of U admitting a spacelike support plane. Since W is a regular 
domain, for every point p G dU there exists a future complete null ray starting 
from p and contained in dU. 

For ro G S the set J-'{ro) = N{r^^{ro)) can be regarded as the set of directions 
orthogonal to some spacelike support plane through tq. In fact also J-'{ro) turns 
to be a straight convex set. Moreover, if ri,r2 are two points in S, then r2 — ri 
is a spacelike vector and the orthogonal plane cuts along a geodesic that 
divides ^(^i) from T{r2) (this follows from ()3.3p ). In particular, we have that 
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Hii is decomposed in a union of straight convex sets that do not meet each other 
transversally. 

We describe now a natural length-space structure on S. Since the retraction 
r : U{1) ^ S is a Lipschitz map, S is connected by spacelike Lipschitz paths. 
Thus, we can consider the (a priori) pseudo-distance 5 of S defined by 

S{x,y) = inf{£(c)| c Lipschitz path in E joining x to y} 

where i{c) denotes the length of c. 

In fact it is a distance, and (S, 6) can be regarded as the limit of the level 
surfaces U{a) of T as a — *• 0. More precisely we have 

Theorem 3.3.4 The function 6 is a distance. Moreover if Sa denotes the 
distance on U{a) we have that 6a ^ S as a ^ in the following sense. 
Given p eU{1) let us set Vaip) = r{p) + aN{p) the we have 

Sa{ra{p),ra{q)) S{r{p),r{q)) 

and the convergence is uniform on the compact sets ofU{l). 

In Section 13.71 we will analyze more carefully this length-space structure of 
the initial singularity. 

3.4 Measured geodesic laminations on straight 
convex sets 

3.4.1 Laminations 

A geodesic lamination C on a complete Riemannian surface S with geodesic 
boundary is a closed subset L (the support of the lamination), which is foliated 
by complete geodesies {leaves of the lamination). More precisely 

1) L is covered by boxes B with a product structure B = [a,b] x [c,d], such 
that L n 5 is of the form X x [c, d], and for every x G X, {x} x [c, d\ is a geodesic 
arc. 

2) The product structures are compatible on the intersection of two boxes. 

3) The boundary of 5* is a subset of L and each boundary component is a leaf. 
Each leaf admits an arc length parametrization defined on the whole real line 

M. Either this parametrization is injective and we call its image a geodesic line 
of S, or its image is a simple closed geodesic. In both cases, we say that they are 
simple (complete) geodesies of S. 

The leaves together with the connected components of \ L make a stratifi- 
cation of S. 
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We specialize the discussion to geodesic laminations on non-degenerate straight 
convex sets if in H^. These sets can be equivalently characterized (up to isome- 
try) as the simply-connected complete hyperbolic surfaces with geodesic bound- 
ary. 

We claim that if a closed subset L of if C is the disjoint union of complete 
geodesies, say C = {h}i&i, and the boundary components of H are in C, then £ 
is a foliation of L in the above sense. 

In fact, fix a point po E L and consider a geodesic arc c transverse to the leaf 
lo through pq. There exists a neighbourhood K of p such that if a geodesic k 
meets K then it cuts c. Orient c arbitrarily and orient any geodesic k cutting c 
in such a way that respective positive tangent vectors at the intersection point 
form a positive base. Now for x E L H K define v{x) as the unitary positive 
tangent vector of the leaf through x at x. The following lemma ensures that v is 
a 1-Lipschitz vector field on L (1 K (see j2Zl for a proof). 

Lemma 3.4.1 Let 1,1' be disjoint geodesies in tf . Take x E I and x' E I' and 
unitary vectors v, v' respectively tangent to I at x and to I' at x' pointing in the 
same direction. Let t{v') the parallel transport of v' along the geodesic segment 
[x, x'] then 

\\v - t{v')\ \ < dM{x,x') 
where is the hyperbolic distance. 

■ 

Thus there exists a 1-Lipschitz vector field v on K extending v. The flow of 
this field allows us to find a box around po. Indeed for e sufficiently small the 
map 

F : c X (-£,£) 3 {x,t) ^ <^tix) E 
creates a box around po- 

Example 3.4.2 Let W be a regular domain of Xq, ii = Hy be the closure of 
the image of the Gauss map of U, and S be the initial singularity. Assume 
that dim H = 2. In the previous section we have seen that for tq G S the set 
J-'{r) = iV(r~^(ro)) is a straight convex set contained in H and J-'{r) and J-'{s) do 
not meet transversally. Thus geodesies that are either boundary components of 
H, or boundary components of some J-'{r) or that coincide with some J-'{r) are 
pairwise disjoint and provide an example of a geodesic lamination, say Cu of H. 

3.4.2 Transverse measures 

Given a geodesic lamination £ on a complete Riemannian surface S with geodesic 
boundary, a rectifiable arc A; in 5* is transverse to the lamination if for every point 
p E k there exists a neighbourhood k' of p in k that intersects each leaf in at most 
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a point and each 2-stratum in a connected set. A transverse measure on £ is 
the assignment of a positive measure /i^ on each rectifiable arc k transverse to C 
(this means that fik assigns a non-negative mass /Ufc(A) to every Borel subset of 
the arc, in a countably additive way) in such a way that: 

(1) The support of /i^ is A; fl L; 

(2) If k' C k, then /i^' = fik\k'] 

(3) If k and k' are homotopic through a family of arcs transverse to C, then 
the homotopy sends the measure fik to fik'', 

(4) Hkik) = +00 if and only ii kndS ^ 0. 

A measured geodesic lamination on S is a. pair {C,fi), where £ is a geodesic 
lamination and is a transverse measure on C. 

Let us specialize it again to non-degenerate straight convex sets if in H^. 

Remark 3.4.3 Notice that if k is an arc transverse to a lamination of H there 
exists a transverse piece-wise geodesic arc homotopic to k through a family of 
transverse arcs. Indeed there exists a finite subdivision of k in sub-arcs ki for 
i = 1, . . . ,n such that ki intersects a leaf in a point and a 2-stratum in a sub-arc. 
If pi^i,pi are the end-points of ki it is easy to see that each ki is homotopic to the 
geodesic segment through a family of transverse arcs. It follows that a 

transverse measure on a lamination of H is determined by the family of measures 
on transverse geodesic arcs. 

Remark 3.4.4 While a geodesic lamination on H can be eventually regarded 
as a particular lamination on H^, condition (4) ensures that a measured geodesic 
lamination on H cannot be extended beyond H. 

Remark 3.4.5 We could include in the picture the degenerate straight convex 
sets H formed by a single geodesic; in this case the measured lamination consists 
of a single -|-cx)-weighted leaf (£ coincides with the whole of H). This degenerate 
lamination can be regarded as the "limit" of measured geodesic laminations on 
non-degenerate convex sets if„, when Hn tends to a geodesic. As we are going to 
see this terminology is convenient because many constructions we will implement 
on measured laminations on non-degenerate straight convex sets easily extend to 
the degenerate lamination. However, the degenerate case will be fully treated in 
Chapter [7| 

There is an equivalent way to describe a transverse measure on a lamination 
C in terms of boxes of C 

For each box B = [a,b] x [c,d] consider a positive measure /is on [a,b] such 
that 

(1) The support of is the set of t's such that {t} x [c, d] is a leaf of C 
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(2) The total mass of [a, b] is +oo iff either {a} x [c, d\ or {b} x [c, d] are 
boundary leaves. 

(3) If B' — [a\ b'] X [c', d'] is a sub-box oi B — [a, 6] x [c, d], then jiB' — I^B\[a',h']- 
The proof that this definition is equivalent to the original one is left to the 

reader. 

The simplest example of a m,easured lamination (£, fi) on is given by any 
finite family of disjoint geodesic lines li, . . . ,ls, each one endowed with a real 
positive weight, say aj. A relatively compact subset A of an arc k transverse to 
jC intersects it at a finite number of points, and we set fik{A) = aj|A fl 

i 

The simplest example of a measured lamination on H is given by the boundary 
of H such that each leaf carries the weight +oo (that is /^^(/l) = except if 
A n dH ^ and in that case /Xfc(yl) = +oo). Notice that by condition (4) the 
weight of each boundary curve is necessarily +00. In fact boundary curves carry 
an infinite weight whenever the lamination is locally finite. 

More generally if {C,fi) is a lamination on H, then for each boundary curve, 
say /, two possibilities can happen: given a geodesic arc, say k, with an end-point 
in the interior of H and an end-point po e I then either fik{k\ {po}) — +00 or 
/ikik \ {po}) < +00. In the latter case we say that I is a weighted boundary leaf 
(of weight +00). 

Let us point out two interesting subsets of C associated to a measured geodesic 
lamination {C, /i) on H. The simplicial part Cs of C consists of the union of the 
isolated leaves of C. Cg does not depend on the measure In general this is not 
a sub-lamination, that is its support L5 is not a closed subset of H. 

A leaf, is called weighted if there exists a transverse arc k such that k fl I 
is an atom of /i^. By property (3) of the definition of transverse measure, if / is 
weighted then for every transverse arc k the intersection of k with / consists of 
atoms of whose masses are equal to a positive number A independent of k. 
We call this number the weight of I. The weighted part of A is the union of all the 
weighted leaves. It depends on the measure and it is denoted by Cw = £vi^(/i). 

Since every compact set K G H [H being the interior part of H) intersects 
finitely many weighted leaves with weight bigger than 1/n, it follows that Cw is a 
countable set. On the other hand, it is not in general a sub-lamination of C. For 
instance, consider the case H — M^ and take the set of geodesies C with a fixed 
end-point xq G S"^. Clearly £ is a geodesic lamination of and its support is 
the whole of H^. In the half-plane model suppose a;o = cxo so that geodesies in 
C are parametrized by M. Let It denote the geodesic in C with end-points t and 
00. If we choose a dense sequence (gn)neN in M it is not difficult to construct a 
measure on C such that Ig^ carries the weight 2~". For that measure Lw is a 
dense subset of H^. 

As L is the support of fi, then we have the inclusion Cs C Cw{l^)- The 
previous example shows that in general this inclusion is strict. 
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Remark 3.4.6 The word simplicial mostly refers to the "dual" geometry of 
the initial singularity of the spacetimes that we will associate to the measured 
geodesic laminations on H. In fact, it turns out that when A coincides with its 
simplicial part, then the initial singularity is a simplicial metric tree. 

3.4.3 Standard finite approximation 

Given a measured geodesic lamination A = {C, /i) on H, and a compact set 
K <Z H, we say that a sequence of measured geodesic lamination \n converges to 
X on K if for any arc k <Z K transverse to A and with no end-point in Lwi/J') we 
have 

(1) k is transverse to A„ for big n; 

(2) for any continuous function (p on k 



In this work we will need to construct a sequence of finite laminations con- 
verging to a given lamination A on some compact set K. 

The following construction ensures that such a sequence exists if X is a box 



Let us fix a box B = [a, b] x [c, d] for A contained in the interior of H. 

Fix n and subdivide [a, b] into the union of intervals Ci, . . . , such that q has 
length less than 1/n and all the end-points of q, but a and b, are not in L]y{h). 
For every cj let us set aj — i^kicj). If Oij > 0, then choose a leaf Ij of C that cuts 
Cj, with the only restriction that if a (resp. b) is an atom of fi, then li (rcsp. If) is 
the weighted leaf along it. Thus consider the finite lamination £„ = {lj\aj > 0} 
on and associate to every Ij the weight aj. In such a way we define a measure 
Hn transverse to £„. 

Lemma 3.4.7 An converges to A on B. 

Proof : It is clear that any arc k <Z B transverse to A is transverse to A„ for any 
n. So (1) is verified. 

On the other hand any arc k G B transverse to A is a finite composition of 
transverse arcs fci, . . . , /cjv such that each ki has no end-point on L\y{ij,) and is 
homotopic through a family of transverse arcs to a horizontal arc. Thus it is 
sufficient to check (2) for a horizontal arc with no endpoint on Lwi/j) and this is 
straightforward. 

■ 

The sequence A^ is called a standard approximation of A 




of A. 



Remark 3.4.8 There is a natural topology on the set of measured geodesic 
laminations on H^, obtained by considering a measured geodesic lamination as 
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a geodesic current on [16j(3). With respect to this topology, the sequence 
(A„) of standard approximation of A on i? converges to the measured geodesic 
lamination, say X\b, obtained by considering only leaves of A that intersect B. 

3.4.4 F-invariant measured geodesic laminations 

Let us generalize the notion of straight convex set. Let F = H^/F be a complete 
hyperbolic surface. A straight convex set Z in F is a closed convex surface with 
geodesic boundary embedded in F. Recall that a subset of F is said convex if 
every geodesic segment with end-points in K is contained in K. It is not hard to 
see that Z is a straight convex set of F if and only if the pull-back H of Z in 
is a F-invariant straight convex set of M^. Conversely every F-invariant straight 
convex set of projects to a straight convex set of F. Moreover, the interior of 
Z is homeomorphic to F. Measured geodesic laminations on straight convex sets 
of F lift to F-invariant measured geodesic laminations of straight convex sets of 
and this correspondence is actually bijective. 

Remark 3.4.9 In general, F contains several straight convex sets Z; all of them 
contain the convex core of F. On the other hand, if Z has finite area and all 
the boundary components are closed geodesies, then it coincides with the convex 
core of F, so in that case Z is determined by F. 

Cocompact F The simplest example of a measured geodesic lamination on 
a compact closed {i.e. without boundary) hyperbolic surface F = M^/T is a 
finite family of disjoint, weighted simple closed geodesies on F. This lifts to a 
F-invariant measured lamination of made by a countable family of weighted 
geodesic lines, that do not intersect each other on the whole H = U S*^. The 
measure is defined like in the case of a finite family of weighted geodesies. We 
call such special laminations weighted multi-curves. 

When F = H^/F is compact closed , the F-invariant measured geodesic lami- 
nations (£, yu) on have particularly good features, that do not hold in general. 
We limit ourselves to recall of a few of them: 

1. The lamination C is determined by its support L. The support L is a 
no-where dense set of null area. 

2. The simplicial part Cs and the weighted part Cw actually coincide; more- 
over £5 is the maximal weighted multi-curve sub- lamination of A. 

3. Let A4C{F) denote the space of measured geodesic laminations on F. It is 
homeomorphic to R®^^^, g > 2 being the genus of F. Any homeomorphism 
f : F —>■ F' of hyperbolic surfaces, induces a natural homeomorphism 
fc: MC{F) ^ MC{F')- if f and /' are homotopic, then fc = fc- This 
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means that AiC{F) is a topological object which only depends on the genus 
of F, so we will denote it by M.Cg. Varying [F] in the Teichmiiller space 
Tg, the above considerations allows us to define a trivialized fiber bundle 
Tg X MCg over Tg with fiber MCg. 

Example 3.4.10 (1) Mutata mutandis, similar facts hold more generally when 
F = tf/r is homeomorphic to the interior of a compact surface S, possibly 
with non empty boundary, providing that the lamination on F has compact sup- 
port. However, even when F is of finite area but non compact, we can consider 
laminations that do not necessarily have compact support (see Section IHIHI) • 

(2) Let 7 be either a geodesic line or a horocycle in tf. Then, the geodesic lines 
orthogonal to 7 make, in the respective cases, two different geodesic foliations 
both having the whole as support. We can also define a transverse measure 
H which induces on 7 the Lebesgue one. 

Recall the sets 

MC = {\ = {H,C,^)} 

and 

MC' = {{\,T)} 

already defined in Section 11.41 of Chapter [T] Roughly, the first consists of the 
measured geodesic laminations defined on some non- degenerate straight convex set 
o/tf; the second covers the set of measured geodesic laminations defined on some 
straight convex set (Z = H/T) in some complete hyperbolic surface (F = tf/Fj. 
Recall that there are natural actions of S0{2, 1) on A4C and AiC^ . 

3.5 From measured geodesic laminations towards 
flat regular domains 

Recall that TZ denotes the set of non-degenerate regular domains in Xq. The 
group Isom^(Xo) (hence the translations subgroup M^) naturally acts on it. In 
this section we show how a general construction produces a map 

that induces maps (for simplicity we keep the same notation) 

W° : MC 7^/M^ 

and 

W° : MC/S0{2, 1) ^ 7^/Isom+(Xo) . 

For the case H = M.^ see JHlEl; in fact the construction extends with 
minor changes to arbitrary H. Here we sketch this construction. 
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Figure 3.2: An example of regular domain associated to a finite measured lamination. 

3.5.1 Construction of regular domains 

Fix a base-point xq & H \ Lw- For every x & H \ Lw choose an arc c transverse 
to C with end-points xo and x. For t & c (1 L, let v{t) e denote the unitary 
spaceUke vector tangent to at t, orthogonal to the leaf through t and pointing 
towards x. For t e c \ L, let us set v{t) = 0. In this way we define a function 

that is continuous on the support of /i . We can define 

p{x) = jv{t)dpi{t). 

It is not hard to see that p does not depend on the path c. Moreover, it is constant 
on every stratum of A and it is a continuous function on H \ Lw- 
The domain Ul can be defined in the following way 

Ul^ fl l^{p{x)+x^). 

a;eH\Lvv 

Firstly let us prove that coincides with the intersection of its null support 
planes. 

Since p is constant on every stratum F, for every null vector v that represents 
some accumulation point of F in H the plane p{x) -|- t'"'" is a support plane 
for lAx (where x is any point in F). More precisely, if d^oF denotes the set of 
accumulation points of F in (?E[^ , and is a point in F we have that 

n n (3.4) 

F stratum of C [v\ ed^F 
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The inclusion (c) follows from the above remark. To show that also the opposite 
inclusion holds, notice that every x & F is the barycentric combination of some 
null vectors representing points in doc,F. Thus 

Pi I+(p(x) + v^) C I+(p(x) + x^) 

The intersection on all x's of both sides shows the inclusion (d). 

Eventually, in order to show that is a regular domain it is sufficient to 
prove that it is not empty. 

Given x,y & H \ Lw we have 

p{y) - p{x) = I v{t)Ap{t) . 

Since {v{t),y) > for every t e [x,y], the following inequality holds 

(p(x) - p{y),y) < 

and the equality holds iff x and y lie in a same stratum of C (see [TT)]). 
This inequality implies that p{x) G dU^ for every x & H \ Lw 

3.5.2 Cosmological time on 

First let us determine the image of the Gauss map of 

The definition of W° implies that p{x) is a support plane for for every 
X & H \ Lw- Thus H \ Lw is contained in ImA^. Since ImA^ is a convex set it 
actually contains the whole H. More precisely suppose x belongs to a weighted 
leaf / contained in the interior of with weight A. Then we can consider a 
geodesic arc c starting from xq (the base point) and passing through x. Then 
there exist left and right limits 

p_(x) = lim pit) 
p+(x) = lim p(t) 

and the difference p+(x) — P-{x) is the spacelike vector with norm equal to A 
orthogonal to / pointing as c. Notice that the vector p+(x) — p^{x) depends only 
on the leaf through x. Clearly the plane passing through p-{x) and orthogonal 
to a; is a support plane for W° (and in fact such a plane contains also p+{x)). 

Now take x G dH. If the leaf through x, say /, is a weighted leaf then for 
t G [xq, x] going to X we have 



p(t) p{x) := 




f (s)dp(s) . 
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Thus p{x) + X is a support plane for and x G IniA^. 

If / is not weighted, we have |p(t)| — > +00 as t — > x. Indeed since for 
t,s E [xo, x) n C the geodesies orthogonal to v{s) and v(t) are disjoint, the plane 
generated by v{s) and v{t) is not spacelike so the reverse of the Schwarz inequal- 
ity holds, that is {v(t),v{s)) > 1 (the scalar product of v{s) and v{t) is positive 
because they point in the same direction). As a consequence, we have 

\pit)\' = ( [ v{s), I v{s)) = [ [ {v{s),v{a)) > MxoM'- 

\J[xo,t] J[xo,t] I J\xQ.t\J\xQ,t\ 

(3.5) 

Suppose there exists a point p G such that p+x"*" is a support plane. By (|3.5p . 
the segment [p, p(t)] converges to a ray R starting at p. More precisely, by ()3.3p 
we have 

(p-p(t),a;) <0 (p-p(t),t)>0 

so the ray i? is p + R<oM where m is a tangent vector of at x, orthogonal to / 
and pointing outside H. This gives a contradiction: in fact (m, y) < for ?/ G if, 
so (p + tw, y) — > +00 as t — s> —00. 

An analogous argument shows that points outside H do not belong to ImA^. 
Eventually, the image of is if U {dH fl L^^). 

Now given x G ImA^ we are going to determine A^~^(x). By the characteri- 
zation of the retraction given in Proposition 13.3.31 we have that A^~^(x) is the 
union of timelike rays parallel to x starting at points in fl P^-, Px being the 
spacelike support plane orthogonal to x. 

The following sentences can be proved as in Lemma 8.7 of JH] 

1) lixeH\Lw then P^ f] dUl = {p(x)}. 

2) UxeHnLw then n dU^ = [p_(x), p+(x)]. 

3) If X G dH n L]y then P^ fl dU'^ = p(x) + M>om(x), where ■u(x) is the unit 
outward normal vector. 

By ()3.2|) we have 

^0 = {ax + p(x)|x eH\{dHU Lw)}U 

U{ax + tp+(x) + (1 - t)p_(x)|x e Lw\ OH, t G [0, 1], a > 0}U 
U{ax + p(x) + tu(x)|x G n dH, t> a > 0} 

Moreover, for x G if \ {dH U Lw) we have 

T(ax + p(x)) = a 
N{ax + p(x)) = X 
r(ax + p(x)) = p(x) . 

For X G L^y \ 9if we have 

T(ax + tp+(x) + (1 — t)p_(x)) = a 
A^(ax + tp+(x) + (1 — t)p_(x)) = X 
r(ax + tp4.(x) + (1 — t)p-(x)) = tp+(x) + (1 — t)p-(x) . 
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Finally for x G dH fl Lw we have 

T{ax + p(x) + tu{x)) = a 
N{ax + p{x) + tu{x)) = X 
r{ax + p{x) + tu{x)) = p{x) + tu{x) . 

Remark 3.5.1 The lamination associated to lA^ in Example l3.4.2l is the support 
of A. In fact we have that jF(p(x)) is the stratum of A through x. 

Remark 3.5.2 The domain associated to the degenerate lamination Aq (Remark 
13.4. 5|1 is the future of the spacelike line dual to the geodesic of Aq. With our 
convention the definition of lA^ can be applied also in this case. 

3.5.3 Measured geodesic laminations on the T-level sur- 
faces 

Let us fix a level surface W°(a) = T~^(a) of the cosmological time of We 
want to show that W°(a) also carries a natural measured geodesic lamination on. 
Consider the closed set La = N~'^{L) nW°(a). First we show that La is foliated 
by geodesies. 

If / is a non-weighted leaf of L we have that la ■= N~'^(l) fl W°(a) = al + p{x) 
where x is any point on /. Since the map : U^{a) is 1/a-Lipschitz, la is 

a geodesic of lA^{a). 
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If / is a weighted leaf contained in H, then N~^^{1) nW°(a) = al+[p-{x), p+{x)] 
where x is any point on I. Thus we have that N~'^{1) is a Euchdean band fohated 
by geodesies lait) := al + tp^{x) + (1 — t)p+(x) where t G [0, 1]. 

Finally if / is a weighted boundary leaf then N^^(l)r]Ux{a) = al+ p{x)+M.>ou, 
where x is any point of / and u = u{x) is the vector outward normal vector at 
X. Thus A^~^(/) is a Euclidean band (with infinite width) foliated by geodesies 
ia{t) = al + p{x) + tu for t > 0. 

Thus the set 

La= u u u /;(t)u u [jUt] 

lCL\Lw ICLw te[0,l] ICLwndH t>0 

is a geodesic lamination of lA^{a). 

Given a Lipschitz path c{t) transverse to this lamination we know that r{t) = 
r{c{t)) is a Lipschitz map. Thus we have that r is differentiable almost every- 
where and 

r{p) —r{q) = J r(t)dt 
where p and q are the endpoints of c. It is not hard to see that r{t) is a spacelike 

1 /2 

vector. Thus we can define a measure fic = (r(t),r(t)) dt. If N{p) and N{q) 
are not in Lw then 

Pic) = piNic)) . (3.6) 

By this identity we can deduce that {La, p) is a measured geodesic lamination on 
U^{a). The measure Pc defined on every rectifiable transverse arc is absolutely 
continuous with respect to the Lebesgue measure of c. Moreover, inequality ()3.3p 
implies that (r(t),r(t)) < (c(t),c(t)) = 1. 

Hence the total mass of pc is bounded by the length c. Moreover, the density 
of p with respect the Lebesgue measure of c is bounded by 1. 

Lemma 3.5.3 Let us fixp,q eU^{1) such that N{p) and N{q) arenotinL]y. If 
p and q are not in the same stratum, then the geodesic segment in lA^ connecting 
them, say c, is a transverse path and its mass p{c) is equal to the mass (with 
respect to p) of the geodesic segment, say c of connecting N{p) to N(q). 
Moreover the following inequalities hold 

m < m 

^H2(C) <£(C). 

Proof : Since W°(l) is convex, its curvature is non-positive. Thus there exists 
a unique geodesic segment c joining p to q. Clearly it cannot be tangent to any 
leaf of A (since leaves are geodesies). The same argument shows that it intersects 
each leaf at most once. Since each leaf of A disconnects lA^ in two half-planes, c 
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intersects only the leaves that disconnects p from q. Thus N{c) is homotopic to 
c through a family of transverse arcs. This proves that jl{c) = fi{c). 

Since the density of ft is bounded by 1, the first inequality follows. The 
second inequality is a consequence of the fact that the map : ^ is 

1-Lipschitz. 



3.5.4 Continuous dependence of 

We discuss how the construction of W° continuously depends on A (see [TSl ITU]). 

Fix a compact connected domain K (Z H containing the base point Xq. Sup- 
pose that A„ is a sequence of measured geodesic laminations such that A„ Aqo 
on K. 

We shall denote by Un (resp. Uoo) the domain associated to A„ (resp. Aqo) and 
by Tn, r„, Nn (resp. Too, ''"oo, ^oo) the corresponding cosmological time, retraction 
and Gauss map. 

Proposition 3.5.4 For any pair of positive numbers a < b let U{K;a,b) be the 
set of points x in Woo such that a < Too(x) < b and Noo{x) G K. We have 

L U{K; a, b) C W„ for n > 0; 

2. Tn^T^ znC\UiK;a,b)); 

3. Nn —>■ and r„ — * r^o uniformly on U {K; a, b) . 
Proof : For any x E K \ {Loo)w 



where c^g^x is any transverse path contained in K joining xq to x and f„(t) is the 
orthogonal field of £„. Indeed such a field is C-Lipschitz on L^ fl c^q^x, for some 
C that depends only on K. Thus we can extend Vn\L„nc^g.a: to a C-Lipschitz field 
Vn on Cxo,x- Clearly 



Possibly up to passing to a subsequence, we have that Vn v^o on C^{cxq,x) G 
Since v^o = v^o on L^o H Cx^-^^x) f)3.7|) follows. 

By this fact we can deduce the following result. 

Lemma 3.5.5 Let us take p G Woo(ct) such that Noo{p) G K. There exists a 
sequence pn G W„(a) such that pn Poo- 




(3.7) 
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Proof : First assume that x = N{p) ^ (Loo)vi^. Then we know that 

p = ax + poo{x) . 

Hence p„ = ax + / t;„()f:)d/x„(t) works. 

Now assume that x = N{p) G {Loq)w so p lies in a band al + [p_(x), p+(x)]. 
We can take two points y,z ^ (Loo)vk such that ||?/ — < e and H^r — < e 
and \\p{y) — p-{x)\\ < e and \\p{z) — p_|_(x)|| < e (where || ■ || is the Euchdean 
norm). If we put = ay + p{y) and = az + p{z), the Euchdean distance of p 
from the segment [q~ , q~^] is less than 2(1 + a)e. Now let us set q^ = o-y + Pn{y) 
and q^ = az + Pn{z) and choose n sufficiently large such that \\q^ — q^\\ < e. 
We have that the distance of p from [q~, q^] is less than 2(2 + a)e. On the other 
hand since the support planes for the surface W„(a) at q~ and at q^ are close it is 
easy to see that the distance of any point on [q~ , q^] from lAn{a) is less then 77(e) 
and ?7 — s> for e — 0. It follows that we can take a point pn G Un{a) arbitrarily 
close to p for n sufficiently large. 

■ 

Choose coordinates {yo,yi,y2) such that the coordinates of the base point Xq 
are (1,0,0). We have that the surface W„(a) (resp. lAoo{o)) is the graph of a 
positive function 99^ (resp. y?^) defined over the horizontal plane P = {yo = 0}. 
Moreover, is a 1-Lipschitz convex function and v^°(0) = a. Thus Ascoli-Arzela 
Theorem implies that {v^^jneN is a pre-compact family in C^{P). Up to passing 
to a subsequence, there exists a function ip on P such that y?^ — > as n — > +00. 
Consider the compact domain of P 

PiK,a) = {pe P|iVoo(^^(p),p) e K} . 

By Lemma 13. 5. 51 it is easy to check that (p = (p'^ on P{K, a). Thus we can deduce 

Vn\p(K,a) ^lo\piK,a) ■ (3.8) 

Fix b > a > a. The domain U{K; a, b) is contained in the future of the portion 
of surface N-\K) nU^{a). By dSH) we see that U{K\ a, b) is contained in the 
future of W„(a) for n sufficiently large. Thus we have 

U{K; a, b) C W„(> a) forn > . (3.9) 

Since we are interested in the limit behaviour of functions Tn,Nn,rn we can 

suppose that U{K; a, b) is contained in Un{> a) for any n. 

Hence, T„, A^„, r„ are defined on U{K\ a, b) for any n. Moreover notice that 

T„(e,0,0) = e, 
iV„(e,0,0) = (1,0,0) , 
r„(e,0,0) = 0. 
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Thus we have that r„(p) hes in the half-space P^ = {yo > 0} for every p E Un- 
Since U{K; a, b) is compact then there exists a constant C such that for every 
p EU {K; a, h) and for every past directed vector v such that p + f is in P"^ then 
||f II < C. Since r„(p) = p — Tn{p)Nn{p) we have that 

\\Tr,{p)N^{p)\\ < C 

for every n E N and for every p E U{K; a,b). Since T„(p) > a the following 
property follows. 

Lemma 3.5.6 The family {iV„} is bounded in C^{U{K; a, b); H^). 

■ 

Since Nn{p) = — gradT„(p) Lemma 15 . 5 . 61 implies that the family {T„} is equi- 
continuous on U{K;a,b). On the other hand since ||A^„(p)|| > 1 we have that 
|^n(p)| < C for every p E U{K;a,b). Thus the family {T„} is pre-compact in 
C^{U{K] a, b)). On the other hand by Lemma Hi 5. 5^ T„ — ^ Too- 
Finally the same argument as in Proposition 6.5 of [19] shows that Nn — > A^oo in 
C°(f/ {K; a, b); H^). The proof of Proposition 13.5.41 easilv follows. 

3.6 From flat regular domains towards measured 
geodesic laminations 

In this section we will construct the inverse maps of 

W° : MC 7^/M^ W° : MC/S0{2, 1) ^ 7^/Isom+(Xo) 

eventually proving the classification of non-degenerate fiat regular domains stated 
in Theorem II. 4. 21 of Chapter 

Let us fix a regular domain U. Thus for ro G S let us put J^(ro) = N(r^^{ro)) 
(as usual N denotes the Gauss map, r the retraction on the initial singularity E). 
We have seen in Example 13.4.21 that 

L= [j T{r) U y dT{r) U dH 

T{r):Aimr{r)=l :r(r):dim:F(r)=2 

is a geodesic lamination on H = \mN . 

In the remaining part of this section, we are going to construct a transverse 
measure ii on £, such that U = Ul where A = (£, jj). 

In order to explain the idea to construct /i, let us consider the following 
situation. Suppose U = U^. Let c{t) be a geodesic arc, and suppose for simplicity 
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that it does not meets the weighted part of A. Let p{t) be the unique point of 
dU admitting a support plane orthogonal to c{t). By construction we have 

p{t) - p{to) = [ v{t)dp,{t) . 

Notice that p turns to be a rectifiablc and its length is exactly the total mass of 
c. Since the length of p is determined by the geometry of U, the total mass of c 
is determined by U. 

To make this argument to work in the general case, we need the following 
Proposition. 

Proposition 3.6.1 Let c : [0,1] ^ H be a path transverse to C Then X — 
N~^{c{[Q, 1]) r\U{l) is a locally rectifiable arc. 
There exists a parametrization of X 

(where I is an interval interval) and a monotone increasing function s : / ^ [0, 1] 
such that 

c{s{t)) =Noc{t). 

The path c has finite length if and only if both c(0) and c(l) do not lie on OH. 

In order to prove this proposition, we need some technical lemmas. 

Lemma 3.6.2 LetU{l) be the set of points p inU{l) such that N{p) e H. The 
map 

N -Mil) H 

is proper. 

Proof : Given a divergent sequence p„ e ZY(1) we have to show that N{pn) does 
not admit limit in H. 

If pn Poo with Poo e U{1) \ U{1), then N{pn) — > N{p^), that, by definition 
of W(l), is on dH. 

Suppose that p„ diverges in U{1). By contradiction, suppose that there exists 
X E H such that N[pn) — > x and let p eU{1) such that N{p) — x. Consider the 
sequence of segments [p,Pn]- Up to passing to a subsequence, it converges to a 
spacelike infinite ray R — p-\- R>ot' for some v e TJ^. Since [p,Pn] is contained 
in lA, so is R. 

Since x G f^, there exists some y G H such that {v,y) > 0. Now, there 
exists some support plane of W orthogonal to y, i.e. there exists C > such that 
(y, ?) < C for every q eU. Since we have {p + tv,y) — > +oo as i — > +oo we get 
a contradiction. 
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Lemma 3.6.3 Let c : [0,1] ^ H intersect each leaf of A at most in one point. 
Let to = < ti < ■ ■ ■ < tN = 1 be a partition of [0, 1] (notice that ti = tj+i is 
allowed) and for all i E {0, . . . , N} let ri E T, be such that c(tj) G T{ri). 

Moreover suppose that ifti = then r, — rj_i is a non-zero vector pointing 
towards c{l) (i-c. (c(ti), — rj_i) > 0/ 

There exists a constant C independent of the partition such that 

N 

In - ^i-ii < c . 

1=1 

N 

Proof : Let us set x = — Tq- We have x = rj — rj_i so 

1=1 

N 

(x, x) = ^ {vi - ri_i,rj - Tj^i) . (3.10) 

When Ti — rj_i is not zero, the orthogonal geodesic in separates J^(rj) from 
^iTi^i) (this descends from ()3.3p ). Since c{t.i) G J^(rj) and c is geodesic, the 
geodesies of orthogonal to — rj_i and Tj — rj^i are disjoint or equal (if these 
vectors are not zero). Thus these vectors do not generate a spacelike plane, that 
is, the reverse of the Schwartz inequality holds 

{ri -ri^i,rj - rj^if > \ri - ri^i\^\rj -rj-_ip. (3.11) 

Since rj+i — rj and r^+i — rj point in the same direction (here we are using that c 
intersects each leaf at most once) we have (rj — ri_i,rj — rj_i) > |rj — rj_i||r 



rj-i\. We obtain 



N 



^ (rj - ri_i,ri - ri_i)^/M < {x,x) . 



J=i 




By Lemma ISiniS N ^(c([0, 1])) is compact, so there exists C such that 

|r-s| < C 

for all r, s G r(A^~^(c[0, 1])). This constant verifies the statement of the lemma. 

■ 

Lemma 3.6.4 Let c : [0,1] H be a path transverse to the lamination C Then 
for all t G [0,1] we have that N^^i^cit)) is either a point or a segment in Xq. 
Moreover let S be the subset of [0, 1] formed by points t such that N'-^it) is not 
a single point. Then S is numerable and 

^l{t) < +00 

where l{t) is the length of the segment N^'^(t). 
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Proof : The first statement is obvious. In order to prove the second part of this 
lemma it is sufficient to prove that there exists a constant C such that for every 
finite subset S' of S we have 

Since every transverse path is a finite composition of paths that intersect each 
leaf at most once, we can assume c to satisfy such a property. 

Now let us take S' = {to < ■ ■ ■ < t^} and consider the partition of [0, 1] given 
ti < ti < t2 < t2 < ■ ■ ■ < tj\f < tjy . For i < let rj, Sj G S be the endpoints 
of r{N^^{ti)). We have that /(tj) = |rj — Sj|. Then by applying Lemma 13.6.31 
to the family ri, Si, r2, S2, ■ ■ ■ , r^, sjy we obtain that /(tj) < C where C is the 
constant given by Lemma [3.6.31 

■ 

Proof of Proposition \3. 6. 71 ' If c(0) lies on dH then either A^^^(c(0)) is 
empty or it is a spacelike geodesic ray. Thus in order to prove the first part of 
the proposition we can assume that c is contained in the interior of H. Moreover 
since c is a finite composition of arcs that intersects each leaf at most once, there 
is no loss of generality if we assume that it satisfies such a property. 

By using the above notation let us set L = l{t). We want to construct an 

tes ^ 

injective (and surjective) map from X = A^~^(c([0, 1]) fl W(l)) to [0, L + 1]. 

For p G X let us set u{p) G [0, 1] such that N{p) = c{u{p)) and Sp = S H 
[0,u{p)). 

Now consider the map r : X — > [0, L + 1] so defined 



u{p) + Y,m if u{p)^s 



t{p) 



■"(p) + 5^ K^) + b ~ q{p)\ otherwise . 
te5p 

where q{p) is the endpoint of N~^N{p) such that p — q{p) points towards c(l). 
It is easy to check that r is a continuous map. Moreover it is injective. In fact 
if u{p) < u{q) then we have t{p) < T{q). On the other hand if u{p) = u{q) then 
u{p) G S and the first and second terms of the sum in the definition of r are 
equal whereas the third ones are different. Thus r(p) 7^ ^{q). 

In order to prove that X is a rectifiable arc consider the parametrization 
c : [0,L + 1] — i> X given by t~^. Let us set s{t) = u(c{t)). Notice that s is 
monotone increasing function and N{c{t)) = c{s{t)). 

Let to < ti < . . . < t^ he a. partition of [0, L + 1]. We have to show that there 
exists a constant K which does not depend on the partition such that 

N 

J2\c{U)-c{ti_,)\ < K. 



i=l 
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Now let us set r{t) = r(c(t)) and N{t) = N(c{t)) = c(s(t)). We have c{t) = 
N{t) +r{t), so 

|c(t,)-c(t,_i)|2 = |iV(t,)-iV(t,_i)|2+|r(t,)-r(t,_i)|2+2 {N{U) - N{U_^),r{U) - r{U_^)) . 

The last term in that sum is less than ||A^(tj) — A^(ti_i)|| — r(ti_i)|| (where 

II ■ II is the Euclidean norm). On the other hand since A^(tj)'s are contained in a 
compact subset of there exists a constant A > 1 such that 

||iV(t,) - iV(t,_i)|| < A\N{U) - N{U_^)\ . 

Since the geodesic orthogonal to r(ti) — r(tj_i) intersects c (indeed it separates 
N{ti) from N{ti^i)), there exists a constant A' > 1 such that 

MU) - r{ti^i)\\ < A'\r{ti)-r{ti^,)\. 

There exists a constant B such that 

\c{U)~ciU^i)\ <B{\NiU)-NiU^,)\ + |r(t,) -r(t,_i)|) . 

It follows that 

JV / N 

J2 \c{ti) - c{ti^i)\ < B i{c) + Hti) - r{U^i) I 
i=i \ i=i 

N 

On the other by Lemma [3.6.31 we have k(^i) ~ ''"(^i-i)l < C- So K = B{C + 

i=l 

£(c)) works. 

To conclude the proof we have to show that if c is an arc reaching the boundary 
then the length of c is infinite. Suppose that c(l) G dH. If c(l) G ImA^ then cT 
contains an infinite spacelike ray, so the claim is obvious. 

On the other hand, if c(l) ^ ImA^, then r{t) = r oc{t) escapes from compact 
sets of Xq as t — > 1. In fact if r(t„) r^o for some subsequence then r^o is in dU 
and Too + c(l)"'" is a spacelike support plane for U, that is c(l) G ImA^. It follows 
that for every M there exists e > such that 

5^||r(t,+i)-Ki.)ll>M 

i=l 

for every subdivision to < < • • • ^iv = 1 — Since the geodesic orthogonal to 
r(tj_|_i) — r{ti) converges to the boundary component of if as t — >■ 1, there exists 
some constant C such that ||T'(ti+i) — r(tj)|| < C|r(tj+i) — r(tj)|. It easily follows 
that the length of c~^(0, 1 — e) is bigger than M. Thus the length of c is infinite. 
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Now we can prove Theorem 11.4.21 

Proof : Let C be the geodesic lamination associated to U as in 13.4.21 We will 
construct a measure /i on £ such that U = 

Let us set Y = {x E |#A^~^(x) n W(l) > 1}. Notice that if N{p) G Y and 
N is differentiable at p then det{dN) = 0. Since is Lipschitz it follows that Y 
has null Lebesgue measure (notice that F is a union of leaves of £). 

Let c : [0, 1] ^ be a geodesic segment transverse to £ with no end-point 
in Y. Consider the inverse image c of c on the level surface W(l). There exists 
an arc-length parameterization 1 1— > c{t) of c. Since the intrinsic metric of W(l) is 
locally bi-Lipschitz with the Euclidean one, the path c{t) turns to be Lipschitz. 
Let us set r(t) = r(c(t)) and N{t) = N(c{t)). Since c{t) = N{t) +r{t) and since 
N{t) is Lipschitz it follows that r{t) is Lipschitz. So it has derivative almost 
everywhere and 

r{t) = r(0) + / f(s)ds . 



Jo 

Since r{t) = c{t) — N{c{t)), r is a spacelike vector almost everywhere and 

r(t) G%)W(1) =r^(i)H2. (3.12) 

On the other hand since 

{r{t + h)- r{t),x) > {r{t + h) - r{t),y) < 

for every x G J-'{r{t + h)) and y G jF(r(t)) we obtain that r{t) = except if N(t) 
lies in some leaf of C and in that case 

r(t) G r;vw^(r(t)^ . (3.13) 

Let us set fic = N^{\r\dt). Since c is transverse to C it is easy to see that this 
set is the closure of {t G (0, l)|c(t) e L} = {t e (0, l)|c(t) ^ T^^t)C{c{t)) {L is 
the support of C). By using ()3.12|) and ()3.13|) it is not hard to see that fic is a 
transverse measure. 

In this way we define a transverse measure /i on C Moreover if c is a transverse 
path then the following identity holds 

r{N'\c{l))) - r{N-\c{0)) = I f(t)dt 



By fl3.13|) . r{t) = \r(t)\v{N(t)), where v{y) is the unit vector orthogonal to the 
leaf through y if y E L and is otherwise. It follows that 



r{N-\c{l)))-r{N-\cm = / v{y)di^,{t) 



and so W = 
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Remark 3.6.5 Given a geodesic segment, c, joining x,y G H, let us fix a 
Lipscliitz parameterization t i— c{t) of c = N~'^{c) fl W(l). Let us set A^(t) = 
N(c{t)) and r(t) = r(c(t)). Since c(t) = A^(t) + r(t) we have 

|c| < \N\ + \r\ . 

Thus i(c) < i{c) + fi{c). In particular given p,q E W(l) it follows that the 
distance between them (with respect the intrinsic metric of W(l)) is bounded by 
dmiN^p) + N{q)) + fi{[N{p) + N{q)] (where dm is the hyperbolic distance and fi 
is the transverse measure associated to U). 

3.7 Initial singularities and M-trees 

By construction the initial singularity S of a flat regular domain lA = lA^ is, in 
a sense, the dual object to A = {H, £, ji). We may go further in studying such a 
duality. 

At the end of Section ing we have seen that the initial singularity has natural 
length-space structure. We are going to see that in fact it is a R-tree. 

Let us consider the measured geodesic lamination A on W(l) given by pulling 
back A (doing like in Section IX^ . 

If c is a geodesic arc in H we have seen that c = N^^{c) fl U{1) is a locally 
rectifiable arc on IA{1). By ()3.6|) . if u is an arc on U(l) joining two points p,q E c 
then 

fiiu) > /i(c|^) 

where c|^ is the sub-arc of c joining p to q. This remark is useful to characterize 
the geodesies of S. 

Proposition 3.7.1 If c is a geodesic arc in H joining a point in J^{ro) to a 
point in J-'{ri) then kc = rN~'^(c) is a geodesic arc ofT, passing through tq and 
Ti (whenever J^{ri) are not weighted leaf, Tq and Ti are the endpoints ofkc)- 

Proof : Denote by c the pre-image of c on the level surface and for every 
p E U{1) let r{a,p) be the intersection of the integral line of the gradient of T 
with the level surface U{a). For every p,q E c let Ua be the geodesic arc in U{a) 
joining r{a,p) to r{a,q). The length of Ua of U{a) is greater than the length of 
r o Ua, that, in turn, is equal to the total mass of r(l, ■) o Ua that is a path joining 
p to q. Thus we have 

6a{r{a,p),r{a,q)) > fi,{c\l)) = i{k,\l) 

where kc\p is the sub-arc of roc with end-points r{p) and r(g). As 6a{r{a,p),r{a, q)) 
tends to S{r{p),r{q)), we deduce 

6{r{p),r{q))>e{k,\l). 
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Since kc is an arc containing r{p) and r{q), it is a geodesic arc. 

■ 

Now we are able to prove that (S, 6) is a M-tree, dual to the lamination A. 

Let us recall that a M-tree is a metric space such that for any pair of points 
[x, y) there exists a unique arc joining them. Moreover we require that such an 
arc is isometric to the segment [0,6{x,y)]. 

Proposition 3.7.2 (11,5) is aR-tree. 

Proof : We have to show that given x, ?/ G S a unique arc joining them exists. 

It is not difficult to construct a numerable set of geodesic arcs in Hk with 
a common end-point po ^ L]y such that every leaf of A is cut by at least one c„. 
It follows that E is the union of all kn '■= k^Js. Now it is not difficult to see that 
ki n kj is a sub-arc. Moreover, the point Tq = r(A^~^(po)) lies on ki for every i. 
Thus, by induction on h, we see that fcj^ fl fcjj fl . . . fl fcj^ is a sub-arc for any h. 
Let us set 

= fci U . . . U fci . 

We have that Sj is a simplicial tree ( non-compact if some Cj reach the boundary 
of Hu). Moreover the inclusion of Sj into Sj is isometric. 

There exists i sufficiently large such that x,y E Sj. Denotes by [x,y] the 
(unique) arc joining them in Sj and let tTj : Sj — > [x, y] the natural projection 
(that, in particular, decreases the lengths). Since the inclusion Ej E^+i is 
isometric we have that vTj+iIsi = tTj. Thus the maps tTj glue to a map 

TT : S [a;, 

that decreases the lengths. 

Let B be the set of points r G S such that dim jF(r) = 2. We have that B 
is a numerable set. Now we claim that every z G [x,y]\B disconnects x,y in 
S. From the claim it follows that every path c joining x, j/ in S must contain 
[x, y] \ B. Since B is numerable [x, y]\B = [x, y] and so c contains [x, y]. 

Now, the claim is proved by means of the projection vr : S — > [x, we have 
defined. In fact, since z ^ B it is not difficult to see that n^^{z) = {z}. Thus the 
sets 

U^ = n-\[x,z)) 
Uy = n-\{z,y]) 

are two disjoint open sets that cover S \ {z}. 

■ 

3.8 Equivariant constructions 

Recall from Section 11.41 the definition of the set 

7^^ = {(w,f)} 
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and that Isom'*'(Xo) naturally acts on it. We are going to show that the map U 
extends to an equivariant map 

u':MC'^n', (A,r)^(w°,r°) 

where T is the linear part of r°, that induces a map 

W° : MC^/S0{2, 1) ^ 7^^/Isom+(Xo) . 

This eventually leads to the proof of Theorem 11.4.41 and Corollaries 11.4.51 and 
ll.4.6| stated in Chapter d 

In fact, let T C S0^{2, 1) be a discrete, torsion free group of isometries of 
, such that (H, A) is invariant under T. We can construct a representation 

h^-.T ^ Isom+(Xo) 

such that 

1. The linear part of h^xij) is 7. 

2. W° is /;,°(r)-invariant and the action of h^xiX) on it is free and properly 
discontinuous. 

3. The Gauss map : ^ is /i^-equivariant: 

N{hl{^)p) = ^Nip). 

In fact, we simply define 

^a(7) = 7 + Pilxo) . 

Notice that r(7) = pi^jXQ) defines a cocyde in Z^(T,M.^)] by changing the base 
point xq, that cocycle changes by coboundary, so we have a well defined class in 
H\T,R^) associated to A. 

Let us consider the hyperbolic surface F = EI^/F. F is homeomorphic to the 
quotient by F of the image of the Gauss map. Then 

F = F(A,r)=w>°(r) 

is a flat maximal globally hyperbolic, future complete spacetime homeomorphic 
to F X R. The natural projection W° — F is a locally isometric universal covering 
map. The cosmological time T of descends onto the canonical cosmological 
time of Y. Theorem 11.4.41 and its corollaries easily follow. 
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Cocompact F-invariant case Let us recall a few known facts that hold in 
this case (see jlHI HSl IIH1|I21(1))- Any such a (future complete) spacetime is of 
the form 

Y{X,T) = W(e^A)/f 

that is, with the terminology introduced in Section II .51 it is an instance of 
7W£(EI^)-spacetime. T and its linear part T are isomorphic groups, and T is 
a Fuchsian group. F = H^/F is a compact closed hyperbolic surface (of some 
genus g >2), homeomorphic to a Cauchy surface S of y (A, F). 

Hence, up to isometry homotopic to the identity, such flat spacetimes are 
parametrized either by: 

(a) TgXAiCg, where Tg denotes the Teichmiiller space of hyperbolic structures 
on S, and A4Cg has been introduced in Subsection 13.4.41 

or 

(b) the fiat Lorentzian holonomy groups /i°(F)'s, up to conjugation by Isomo(Xo). 
If we fix F, this induces an identification between AiCg and the cohomology group 
if^(F,M^) (where is identified with the group of translations on Xq). 

Moreover, Y{X, F) is determined by the asymptotic states of its cosmological time, 
that have in this case the following clean description. For every s > 0, denote by 
sUxia), the surface obtained by rescaling the metric on the level surface W°(a) = 
T^^(a) by a constant factor s^. Clearly there is a natural isometric action of 
F = F on each s lA^{a). Then 

(i) when a — >■ +cxo, then the action of F on (l/a)W^(a) converges (in the sense 
of Gromov) to the action of F on H^; 

(ii) when a — > 0, then action of F on W°(a) converges to the natural action 
on the initial singularity oilA^. This is an action "with small stabilizers" on such 
real tree that is dual to A. Thanks to Skora's duality Theorem it follows that 
these asymptotic states determine the spacetime (for the notions of equivariant 
Gromov convergence, and Skora duality Theorem see e.g. j47j). 



Chapter 4 

Flat Lorentzian vs hyperbolic 
geometry 

Let U = he a flat regular domain in Xq , according to Chapter IHl If T denotes 
its cosmological time, recall that V({a) = T~^(a), U{> 1) = r^"'^([l, +oo[), and so 
on. 

The main aim of this chapter is to construct a local C^-diffeomorphism 

D = Dx: U{> 1) ^ 

such that the pull-back of the hyperbolic metric is obtained by a Wick rotation of 
the standard fiat Lorentzian metric, directed by the gradient of the cosmological 
time of U (restricted to W(> 1)), and with universal rescaling functions (in the 
sense of Section II. (jj) . Hence D can be considered as a developing map of a 
hyperbolic manifold. By analyzing the asymptotic behaviour of D at the level 
surface W(l) as well as when T — > +cxo, we recognize such a hyperbolic manifold 
as a "if-hull" Mx described in Section 11.51 and in Section 12.51 Eventually we 
get a proof of the statement (1) of Theorem 11.6.31 of Chapter d 

4.1 Hyperbolic bending cocycles 

We fix once and for all an embedding of into as a totally geodesic hyperbolic 
plane. 

In order to construct the map D we have to recall the construction of bending 
along A = (£, /i) (here we omit to write H^). This notion was first introduced 
by Thurston in jSlj. We mostly refer to the Epstein-Marden paper j2Z| where 
bending has been carefully studied. In that paper a quake-bend map is more 
generally associated to every complex-valued transverse measure on a lamination 
C Bending maps correspond to imaginary valued measures. So, given a measured 
geodesic lamination (£,//) we will look at the quake-bend map corresponding 
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to the complex-valued measure z/x. In what follows we will describe Epstein- 
Marden's construction referring to the cited paper for rigorous proofs. 

Given a measured geodesic lamination A on H^, first let us recall what the 
associated bending cocycle is. This is a map 

Bx-.B.'^ xlf ^ PSL{2, C) 

which satisfies the following properties: 

1. Bx{x, y) o Bx{y, z) = Bx{x, z) for every x,y,z e . 

2. Bx{x,x) = Id for every x G tf . 

3. Bx is constant on the strata of the stratification of determined by A. 

4. If A„ ^ A on a ^-neighbourhood of the segment [x, y] and x,y ^ Lw, then 
BxAx,y) Bx{x,y) . 

By definition, a PSL{2, C)-valued cocycle on an arbitrary set is a map 

b:Sx S ^PSL{2X) 

satisfying the above conditions 1. and 2. 

If A coincides with its simplicial part (this notion has been introduced in 
Sectioning), then there is an easy description of Bx- 

If I is an oriented geodesic of tf, let Xi G s[(2,C) denote the infinitesimal 
generator of the positive rotation around I such that exp(27rX;) = Id (since / is 
oriented the notion of positive rotation is well defined). We call Xi the standard 
generator of rotations around /. 

Now take x,y eM^. If they lie in the same leaf of A then put Bx{x, y) = Id. 
If both X and y do not lie on the support of A, then let /i, . . . , be the geodesies 
of A meeting the segment [x, y] and ai, . . . , be the respective weights. Let us 
consider the orientation on /j induced by the half plane bounded by k containing 
X and non- containing y. Then put 

Bx{x, y) = exp(aiXi) o exp(a2X2) o ■ ■ ■ o exp(asXs) . 

If X lies in li use the same construction, but replace ai by ai/2; if y lies in 
replace by as/2. 

If A is not simplicial, Bx{x,y) is defined as the limit of Bx^{x,y) where A^ 
is a standard approximation of A in a box B = [a,b] x [c,d], such that [x,y] = 
[a,b] X {*}. The fact that Bxi^{x,y). converges is proved in fI7\ . 

Remark 4.1.1 Even if Bx is defined in j^Tj only for measured geodesic lamina- 
tions of H^, the same argument allows us to define Bx for any A = {H,C,fi) G 
JHC In that case Bx{x,y) is defined only for x,y E H. 



CHAPTER 4. FLAT LORENTZIAN VS HYPERBOLIC GEOMETRY 79 

We will work in the general set-up indicated by the above remark. The follow- 
ing estimate will play an important role in our study. It is a direct consequence 
of Lemma 3.4.4 (Bunch of geodesies) of j2Z]. We will use the operator norm on 
PSL{2,C)- 

Lemma 4.1.2 For any compact set K ofM? there exists a constant C with the 
following property. For every A = {H,C,fi) G such that K C H, for every 
x,y E K, and for every leaf I of C that cuts [x,y], 

\\Bxix,y) - exp(mX)|| < Cmdmix,y). 

where X is the standard generator of the rotation along I, and m is the total 
mass of the segment [x,y]. 

■ 

The bending cocycle is not continuous on the whole definition set. In fact 
by Lemma 14.1.21 it is continuous on {H \ Ly/) x {H \ L^) (recall that L^r is the 
support of the weighted part of A). Moreover, if we take x on a weighted geodesic 
(/, a) of A and sequences Xn and ?/„ converging to x from the opposite sides of / 
then we have 

Bx{xn,yn) exp(aX) 

where X is the generator of rotations around /. 

Now we want to define a continuous "pull-back" of the bending cocycle on 
the level surface W(l) of our spacetime. 

Proposition 4.1.3 A determined construction produces a continuous cocycle 

Bx-^{1) X W(l) ^ PSL{2X) 

such that 

Bxip,q)=BxiNip),Niq)) (4.1) 

for p,q such that N{p) and N{q) do not lie on L^. 

The map Bx is locally Lipschitz. For every compact subset of U{1), the 
Lipschitz constant on K depends only on N{K) and on the diameter of K. 

Proof : Clearly formula ()4.1|) defines Bx on U \ N^^{L]y)- We claim that this 
map is locally Lipschitz. This follows from the following general lemma. 

Lemma 4.1.4 Let {E, d) he a hounded metric space, b : E x E PSL{2, C) be 
a cocycle on E. Suppose there exists C > such that 

\\b{x,y) - 1|| < Cd{x,y). 

Then there exists a constant H, depending only on C and on the diameter D of 
E, such that b is H -Lipschitz. 
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Proof of Lemma \4.1.4\ For x, x', y,y' ^ E we have 

\\b{x,y) - b{x',y')\\ = \\b{x,y) - b{x' , x)b{x,y)b{y,y')\\. 

It is not hard to show that, given three elements 7 G PSL{2, C) such that 
11/3 — 1| I < e and II7 — 1|| < e, there exists a constant > such that 

||«-/3a7ll<i^.||«ll(ll/?-l|| + ll7-l||). 
Since we have that \\b{x,y) — 1|| < CD, we get 

\\b{x,y)-b{x',y')\\ < LcD{D + l)C{d{x,x')+d{y,y')) . 
Thus H = LcdC{D + 1) works. 

■ 

Fix a compact subset K o{Ll{\) and let C be the constant given by Lemma [4. 1.21 
Then for x, x' E K' = K \ N~^{L\y) we have 

\\Bx{x,x') - 1|| < \ \exp fi{c)X - 1\ \ + C fi{c)dMiN{x), N{x')) 

where X is the generator of the infinitesimal rotation around a geodesic of C 
cutting the segment c = [N{x), N{x')] and /x(c) is its total mass. 

Recall that a measured geodesic lamination (£, fi) has been defined in Sec- 
tion l3.5.51 as the pull-back of By Lemma 15.5.31 ufc) = /i(c), where c is the 

geodesic path on W(l) joining x to x'. 

Thus, if A is the maximum of the norm of generators of rotations around 
geodesies cutting K and M is the diameter of N{K) we get 

\\Bx{x,x') - 1|| < {A + CM)il{c) < {A + CM)d{x,x') (4.2) 

where the last inequality is a consequence of Lemma 13.5.31 

By Lemma 14.1.41 we have that I3x is Lipschitz on K' x K'. Moreover, since 
A,C,M depend only on N{K), the Lipschitz constant depends only on N{K) 
and the diameter of K. 

In particular B\ extends to a locally Lipschitz cocycle on the closure of W(l) \ 
N~^{L\y) in hi{l). Notice that this closure is obtained by removing from IA{1) 
the interior part of the bands corresponding to leaves of Cw 

Fix a band A d U{1) corresponding to a weighted leaf /. For p,q E A, let 
us set u = r{p) and v = r{q). li u = v then let us put Bj({p, q) = 1. Otherwise 
f — M is a spacelike vector orthogonal to /. Consider the orientation on / given by 
V — u. Let X G s[(2, C) be the standard generator of positive rotation around / . 
Then for p,q E A let us put 



Ba{p,(1) =exp(|f -m|X) 
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where |f — m| = {v — u^v — u)^^'^ . Notice that 5^ is a cocycle. Moreover, if 
p,q & dA, then Lemma 14.1.21 imphes that 

BA{p,q) = Bx{p,q) . 

Let us fix p, g G W(l). If p (resp. q) lies in a band ^ (resp. A') let us take a 
point p' e 9^ (resp. q' G 9^') otherwise put p' = p {q = q')- Then let us define 

Bx{p,q) = B^{p,p')Bx{p',q')BA'iq',q)- 

By the above remarks it is easy to see that B{p, q) is well-defined, that is it 
does not depend on the choice of p' and q' . Moreover it is continuous. Now we 
can prove that there exists a constant C depending only on N{K) and on the 
diameter of K such that 

\\Mp,q)-M\<Cd{p,q). (4.3) 

In fact we have found a constant C" that works for p, g G W(l) \ N^^{Liv). On 
the other hand we have that if p, q lie in the same band A corresponding to 
a geodesic / G Cw, then the maximum A of norms of standard generators of 
rotations around geodesies that cuts K works. If p lies in W(l) \ N'-^i^L^) and q 
lies in a band A, then consider the geodesic arc c between p and q and let q' he 
in the intersection of c with the boundary of A. Then we have 

\\Bx{p,Q) - 111 = \\Bx{p,q')Bx{<l',Q) - Ml < 
< \\BxiP,q') - 111 II^A(g',g)|| + \\Bx{q',q) - 111 < 

<{C'Ad{q,q') + A)d{p,q). 

Thus, if D is the diameter of K, then the constant C" = A{C'D + 1) works. 
In the same way we can find a constant C" working for p, q that lie in different 
bands. Thus the maximum C between C, C" , C" works. Notice that C depends 
only on N{K) and on the diameter of K. Proposition 14.1.31 is now proved. 

■ 

Remark 4.1.5 Lemma 14.1.21 implies that for a fixed compact set K in 
there exists a constant C depending only on N{K) and on the diameter of K 
such that for every transverse arc c contained in K with end-points p, q we have 

||S,(p,g) -exp(/i(c)X)|| < Cfiic)dMiNip),Niq)) 

where X is the standard generator of a rotation around a geodesic of A cutting 
the segment [N{p), N{q)]. 
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Let us extend now B\ on the whole U x U. If p G U we know that p = 
r{p) + T{p)N{p). Let us denote by r(l,p) = r{p) + N{p) and put 

BxiP,q) = Bxir{l,p),r{l,q)) . 

Proposition 14. IJ^ immediately extends to the whole of U. 

Corollary 4.1.6 The map 

Bx-.U xU ^ PSL{2X) 

is locally Lipschitz (with respect to the Euclidean distance on U). Moreover the 
Lipschitz constant on KxK depends only on N{K), on the diameter ofr{l, ■){K) 
and on the maximum Mand minimum m of T on K . 

Proof : It is sufficient to show that the map p i— > r(l,p) is Lipschitz on K for 
some constant depending only on N{K), m, M. 

Take p,q E K. We have that p = r{l,p) + {T{p) — l)N{p) and q = r(l, q) + 
(T(g) — l)N{q). Thus we have 

r(l,p) -r(l,g) = p - q + {N{p) - N{q)) + T{q)N{q) - T{p)N{p) . 

Since N{K) is compact there exists C such that ||A^(p)|| < C and ||A^(p) — 
A^(g)|| < C\N{p) - N{q)\ for p,qe K. Now if we set a = T{p) and h = T{q) we 
have that \N{j)) — N{q)\ < — q\ where pf, = r{p) + bN{p). It follows that 

\Nip) - Niq) I < l/mi\\p - q\\ + \\p - p,\\) = l/m{\\p - q\\ + |T(p) - T{q)\) . 

Hence we obtain the following inequality 

||r(l,p)-r(l,g)|| < \\p - q\\ + C'\\p - q\\ + C"\T{q) ~ T{p)\ . 

Since N is the Lorentzian gradient of T we have that 

\np)-Tiq)\<C\\p-q\\ 

and so the Lipschitz constant of r(l, ■) is less than 1 + C' + CO" . 

■ 

In the last part of this subsection we will show that if A„ ^ A on a e- 
neighbourhood of a compact convex set K, then Sa„ tends to Bx on N'^^K). 

More precisely, for a < let U (K; a, h) denote the subset of W° of the points 
in N~^{K) with cosmological time greater than a and less than h. By Prop. lH3^ 
we know that U{K\ a, h) C Wa„, for n sufficiently large. Then we can consider the 
map IBn given by the restriction of Bx^ on U{K\ a, h). 

Proposition 4.1.7 The sequence {Bn] converges to the map B = Bx uniformly 
on U{K; a, b). 
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Proof : For n sufficiently large we have Nn{p) € for p E U [K; a, b). Now let Cn 
be the supremum of the total masses with respect to A„ of geodesic arcs contained 
in K (that is compact). By Remark l3.(i.5^ the diameter of N~^{Ke) nW„(l) is 
bounded by diam(i^') + C„. On the other hand, thanks to the compactness of 
K, On is attained by a geodesic arc in K and converges to the supremum of the 
total masses of geodesic arcs in K with respect to A. 

Thus there exists a constant C such that every I3n is C-Lipschitz on U {K; a, b) 
for n sufficiently large. It follows that the family {Bn} is pre-compact in C^{U {K; a, b) x 



So it is sufficient to prove that if Bn converges to B^o then B^o = B. Clearly 
Boo is a cocycle and it is sufficient to show that B{po,q) = BoQ{po,q) for some 
Po G K. First suppose that N{q) ^ L^. We can take g„ G U{K;a,b) such that 
Qn ^ q and iV„(gn) are not in Thus we have 

BniP0,qn) = B„{Nnipo),Nniqn)) ■ 

By Proposition 3.11.5 of |Z7|, 5„(A/'„(po), Nn{qn)) converges to B {N (po) , N (q)) = 
B{po,q)- Thus we have that B{p,q) = B^oip^q) for p, g lying in the closure of 
A^~^(tf \ L\y)- Now take a point g in ^ = N^^{1) for some weighted leaf /. In 
order to conclude it is sufficient to show that Boo{p, q) = B{p, q) for p G dA such 
that N{p) = N{q). Notice that r„(p) is different from r„(g) for n sufficiently 
large so [Nn{p), Nn{q)] intersects the lamination A„,. Choose for every n a leaf In 
intersecting [Nn{p) , Nn{q)] and let X„ be the standard generator of the rotation 
around In- 

Now consider the path Cn(t) = rn{l,tp + (1 — t)q). It is not hard to see that 
Cn is a transverse arc in U{1) so that a measure fin is defined on it. Moreover, its 
total mass, m„, with respect to fin is 



On the other hand since Nnip) and Nn{q) converge to N{p) = N{q), X„ tends to 
the generator of the rotation around the leaf through N{q). In order to conclude 
it is sufficient to show that m„ converges to |r(l,p) — r(l, g)| = \p — q\. We know 
that 



U{K; a,b);PSL{2,C))- 




By Remark 14 . 1 . 51 there exists a constant C such that 



Bn(,P,q) -exp(m„X„)| < Cde(A^„(p), A^„(g)) . 



+ (1 - t)q = Tnit) + Tn{t)Nn{t) , 



so deriving in t we get 



p-q = rn{t)- {Nn{t),p- q) iV„(t) + T„(t)iV„(t) . (4.4) 
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Since Nn{t) N{p), {Nn{t),p-q) tends to 0. We will prove that iV„(t) tends 
to in L2([0, 1]; M^) so r„(t) tends to p - g in L'^{[0, 1]; R^). From this fact it is 
easy to see that m„ \p — qI- 

Since the images of Nn are all contained in a compact set C H^, there 
exists C such that 

iV„(t)||Mt<C / VnWI'dt . 
Jo 

On the other hand by taking the scalar product of both sides of equation ()4.4j) 
with N{t) we obtain 

(p-g,iV„(t)) = (iV„(t),r„(t)) +T„(t)|iV„(t)p . 

By inequality ()3.3|) we can deduce (^iV„(t), r„(t)^ > so 

(^p-q,Nnit)^ > a|iV„(t)|2 . 
By integrating on [0, 1] we obtain that tends to in L'^([0, 1]; M^) . 



4.2 The Wick rotation 

We are going to construct the local C^-diffeomorphism 

D = Dx:U{> 1) ^tf 

with the properties outlined at the beginning of this Section. 

Let B = Bx he the bending cocycle, and 13 = Bx he the continuous cocycle 
defined on the whole U x U, as we have done above. 

Fix a base point Xq of H {xq is supposed not to be in L^y). The bending of H 
along A is the map 

F = Fx: H 3 x^ B{xo, x)x E if . 
It is not hard to see that F satisfies the following properties: 

1. It does not depend on xq up to post-composition of elements of PSL{2, C). 

2. It is a 1-Lipschitz map. 

3. If A„ ^ A then Fx„ Fx with respect to the compact open topology. 
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Remark 4.2.1 Roughly speaking, if we bend H taking x fixed then B{x,y) is 
the isometry of that takes y to the corresponding point of the bent surface. 

Since both and C are oriented, the normal bundle is oriented too. Let v 
denote the normal vector field on that is positive oriented with respect to the 
orientation of the normal bundle. Let us take po € A^~^(a;o) and for p E IA{> 1) 
consider the geodesic ray Cp of starting from F(N(p)) with speed vector equal 
to w{p) = B{pq,p)^{v{N{p))). Thus D is defined in the following way: 

D{p) = Cp (arctgh (1/T(p))) = exp^(^(p)) ^arctgh (^j^^ ^ip)^ ■ (4-5) 



Theorem 4.2.2 The map D is a local C -diffeomorphism such that the pull- 
back of the hyperbolic metric is equal to the Wick Rotation of the flat Lorentz 
metric, directed by the gradient X of the cosmological time with universal rescaling 
functions: 

" = ' ^ " (^2 _ 1)2 ■ (4-6) 

Remcirk 4.2.3 Before proving the theorem we want to give some heuristic mo- 
tivations for the rescaling functions we have found. Suppose A to be a finite 
lamination on H^. If the weights of A are sufficiently small then Fx is an embed- 
ding onto a bent surface of H'^. In that case the map Z) is a homeomorphism 
onto the non-convex component, say of \ Fxi^). The distance 5 from the 
boundary is a C^-submersion. Thus the level surfaces S{a) give rise to a foliation 
of £. The map D satisfies the following requirement: 

1. The foliation of U by T-level surfaces is sent to that foliation of £. 

2. The restriction of on a level surface U{a) is a dilation by a factor de- 
pending only on a. 

The first requirement implies that 5{D[x)) depends only on T{x) that means 
that there exists a function / : R ^ R such that 5{D{x)) = f{T{x)). 

Denote by EI(A) the surface obtained by replacing every geodesic of A by an 
Euclidean band of width equal to the weight of that geodesic. We have that 
U{T) is isometric to the surface T1HI(A/T), with the usual notation. On the 
other hand the surface £{8) is isometric to ch5EI(Atgh5). Now EI(aA) and EI(6A) 
are related by a dilation if and only \i a — h. By comparing £[5{T)) with IA{T) 
we can deduce that 

T=i/tgh5(r) 
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so t > 1. Moreover the dilation factor is 



1/2 



ch^(T) 
T 



(T2- 1)1/2- 



1 



In order to compute the vertical rescaling factor notice that the hyperbolic 
gradient of S is unitary. By requiring that D induces a Wick rotation directed by 
the gradient X of T, we obtain that D^X = fgradS for some function /. Thus 
we have 



We will prove the theorem by analyzing progressively more complicated cases. 
First we will prove it in a very special case when U is the future of a spacelike 
segment. Then, we will deduce the theorem under the assumption that the 
lamination A consists of a finite number of weighted geodesic lines. Finally, by 
using standard approximations (see Section EiH), we will obtain the full statement. 

Wick rotation on Uq Let Uq be the future of the segment / = [0, ao'^'o]) where 
fo is a unitary spacelike vector and < ao < ^r. If Iq denotes the geodesic of 
orthogonal to fo, the measured geodesic lamination corresponding to Uq is 
simply Ao = (Iq, ao). It is easy to see that in this case the map Dq : Uq ^ is 
injective. We are going to point out suitable C^'^-coordinates on Uq and on the 
image of Dq respectively, such that Dq can be easily recognized with respect to 
these coordinates. 

We denote by P± the components of \ /q in such a way that vq is outgoing 
from P_. 

As usual, let T be the cosmological time, N denote the Gauss map of the 
level surfaces of T and r denote the retraction on the singularity /. We have a 
decomposition of Uq in three pieces Uq ,Uq, V defined in the following way: 



We denote by ^(^(a), WQ~(a), V(a) the intersections of corresponding domains 
with the surface Wo(a). The Gauss map on Uq^o) (resp. Uq^o)) is a diffeomor- 
phism onto P'^ (resp. P~) that realizes a rescaling of the metric by a constant 
factor a^. On the other hand, the parametrization of V given by 



/ = ^?(grad5,D,X) = X{D*{5)) = d(arctgh (1/T))[X] 




U, = r-\Q) = N-\P_) ■ 
V = r-\Q,a,v,)=N-\l,)- 
U+ = r-\aoVo) = N-\P+) . 



(0, ao) X /o 3 (t, y)\-^ay + tvo e V(a) 



produces two orthogonal geodesic foliations on V. The parametrization restricted 
to horizontal leaves is an isometry, whereas on the on vertical leaves it acts as a 
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Figure 4.1: The domain Uq and its decomposition. Also a level surface Wo(a) is shown. 

rescahng of factor a. Thus V(a) is a Euchdean band of width ckq. 

Now we introduce C^'^ coordinates on Uq. Denote by la the boundary of 
W(7(a) and by da the intrinsic distance of Wo (a). Fix a point zq on Iq and denote 
by Za e la the point such that N{za) — zq. 

For every x G Wo(a) there is a unique point Ti{x) G such that da{x,la) — 
7r(a;)). Then we consider coordinates T,(,u, where T is again the cosmo- 
logical time, and (, u are defined in the foUowing way 



is 1 otherwise. 

Choose affinc coordinates of Minkowski space (t/o, yi,y2) such that Vq = (0, 0, 1) 
and zq = (1,0,0). Thus the parametrization induced by coordinates TX,u is 
given by 






where we have put (' — ( — ao/T. 
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With respect to these coordinates the metric take the following form: 

r -dT^ + T^{dC^ + ch\du^) ifC<0, 
ho{T, C,u)=\ -dT^ + T\dC + du') if C e [0, ao/T] , (4.8) 

[ -dT^ + T^dC^ + ch\C)du^) otherwise. 

d 

Notice that the gradient of T is iust the coordinate field -— . 
The Gauss map takes the following form 

(chwchC, shwch^, sh^) if C < 
iV(r,C,M)=<( (chw, shu, 0) ifCe[0,ao/T] (4.9) 

(chwchC, shwchC, sh^') otherwise 

and the bending cocycle Bo{po, (T, (, u)) is the rotation around Iq of angle equal 
to if C < 0, C if C ^ [0, C(o/T], ao/T otherwise. 

Let be identified with the set of timelike unit vectors in the 3 + 1-Minkowski 
space M^. We can choose affine coordinates on in such a way the inclu- 
sion C is induced by the inclusion Xq M'^ given by {xq,xi,X2) ^ 
(xo, Xi, a;2, 0). Thus the general rotation around Iq of angle a is represented by 
the linear transformation T^, such that 



^a(eo) = Co, Ta{ei) = ei, T(e2) = cos a e2+sina 63, Ta^e-s) = — sin a e2+cosa 63 . 

(4.10) 

where (cq, ei, 62, 63) is the canonical basis of M^. 

Thus by means of ()4.9|) and ()4.10|) we can write ()4.5p in local coordinates 



DoiT,u,0^< 



' ch5(chCchM, chCshw, shC, 0) + sh 5(0, 0,0,1 
ifC<0; 

/ c 

ch5(chM, shu, 0,0) + sh5|0, 0, —sin 



cos ■ 



c 



tgh 6 tgh 6 



if Ce [0,«o/T] ; 

ch(5 (ch^'chw, ch^'shw, sh^'cosao; sh^'sinao) 

sh 5(0, 0, — sinao, cosao) 

otherwise 



+ 



where 6 = arctgh (1/T) and = rj — a^/T . 

This map is clearly smooth for C, 7^ 0, ao/T. Since the derivatives of Dq with 
respect the coordinates fields glue along C = and C, = aoT the map D is C^. 

By computing the pull-back of the hyperbolic metric we have 



d5^ + ch^6idC + ch^du^) 
D*{g){T,Cu)= { d6' + ch'6idC + du') 

d6^ + ch^6{dC^ + ch\C)du^) 



if C < 

if CG [0,ao/T] 
otherwise. 



(4.11) 
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Figure 4.2: The image Sq of Dq and its decomposition. 



Since d6 = dT and ch^(5 = —5 , comparing (14.111) and (14.81) shows that 

— 1 — 1 

DqIq) is obtained by the Wick rotation along the gradient of T with rescahng 
functions given in ()4.6p . 

Remark 4.2.4 The map Z^o is not along C = and ( = a^/T. On the other 
hand it is not hard to see that the derivatives are locally Lipschitz. 

Finite laminations Suppose that A is a finite lamination on H^. We want to 
reduce this case to the previous one. In fact, we will show that for any p G W° 
there exist a small neighbourhood U in an isometry 7 of Xq and an isometry 
cr of such that 

1. i{U)(lU,. 

2. 7 preserves the cosmological time, that is 

T(7(p)) = T^{p) 

for every p & U. 

3. We have 

aoDxip) = Doo^{p) (4.12) 

for every p E U. 
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First suppose that p does not lie in any Euclidean band. Fix £ > so that the disk 
B^{x) in H^, with center at x = N{p) and ray equal to e, does not intersect any 
geodesic of A. Thus, we can choose an isometry 70 of such that the distance 
between z = 70 (x) and zq is less than 2e {zq being the base point fixed in the 
previous Subsection). Now let us set U = N'-^^B^^x)), 7 = 70 — r{p) (where r 
denotes here the retraction of U^) and cr = B\{j>Q,p). In fact we have 

^a(0 = ^a(Po,p) 0^0 07(0 

for i&U. 

If p lies in the interior of a band A = r~^[r_,r_(_] corresponding to a weighted 
leaf /, let / be an interval s+] contained in [r_, r^] centered in r{p) of length 
less than ao and set U = r~^(/). Let g be a point in U such that r(g) = s_ and 
N{q) = N{p). Let 70 be an isometry of which sends N{q) onto zq and / onto 
Iq] set 7 = 7o — r{q). Now for ^ G f/ we have 

Dx{0 = Bx{po,q)oDoo^{0. 

Finally suppose that p lies on the boundary of a band A = r~^[r_,r+] corre- 
sponding to the weighted leaf I. Without loss of generality we can suppose that 
r{p) = r_. Now let us fix a neighbourhood U oip that does not intersect any other 
Euclidean band and such that r{U) fl [r_,r4.] is a proper interval of length less 
than tto- Let 70 G PS'L(2,M) send iV(p) onto zq and / onto Iq] set 7 = 70 — r{j)). 
Also in this case we have 

^a(0 = ^a(po,p)oZ^o0 7(0- 

General case Before proving the theorem in the general case we need some 
remarks about the regularity of D\, when A is finite. We use the notations of the 
proof of Proposition 14.1.71 

Lemma 4.2.5 Fix a hounded domain K o/H^, a constant A> and 1 < a < b. 

For every finite lamination A let us set U\ = Ux{K; a,b) . Then there exists a 
constant C depending only on K , A and a, h such that for every finite lamination A 
such that the sum of the weights is less than A, the first and the second derivatives 
of Dx on U\ are hounded hy C . 

Proof : For every point p of Ux, the above construction gives a neighbourhood 
W, an isometry 'jw of Xq, and an isometry aw of such that 

Dx = (Tw ° Do o-fw . 

Moreover, we can choose W so small in such a way that 7^4/ is contained in 
Uo{B2ao{zo); a, b). Let us fix a constant C' such that first and second derivatives 
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of -Do are bounded by C on this set. By construction the hnear part of ■jw is 
an isometry of sending a point in K close to zq. So the hnear parts of 
form a bounded family in S0{2, 1). On the other hand the Euclidean norm of 
the translation part of •yw is bounded by some constant depending only on K 
and A. Finally aw = Bx{pQ,p) for some p & K. By Lemma 14.1.21 its norm is 
bounded by some constant depending only on K and A. Eventually the family 
{iw} (resp. {crvv'}) is contained in some compact subsets of Isom(Xo) (resp. 
PSL{2, C)) depending only on K and A. 

Hence there exists a constant C" such that first and second derivatives of 
both jw and aw are bounded by C" . Thus first and second derivatives of Dx are 
bounded by C = 27{C"fC'. 

■ 

We can finally prove Theorem 14.2.21 in the general case. Take a point p E 
and consider a sequence of standard approximations A„ of A on a neighbourhood 
K of the segment [N{pq), N{p)]. By Propositions 13.5.41 and \4:.1.7\ D\ converges 
to Dx on U{K] a, b). On the other hand by Lemma 14.2.51 we have that Dx„ is a 
pre-compact family in C'^{U{K;a,b)]M'^). Thus it follows that the limit of Dx^ 
is a C^-function. Finally, as Dx„ C^-converges to Dx, the cosmological time of 
Ux^ C^-converges on U{K; a, h) to the one of W° (see Proposition 13 . 5 . 4( ) . and the 
pull-back on Ux^ of the hyperbolic metric is obtained via the determined Wick 
rotation, the same conclusion holds on U. 



4.3 On the geometry of M\ 

The hyperbolic 3-manifold Mx arising by performing the Wick rotation described 
in Theorem 14.2.21 consists of the domain hix{> 1) endowed with a determined 
hyperbolic metric, say gx- 

We are going to study some geometric properties of Mx- As usual, T denotes 
the cosmological time of the spacetime and N its Gauss map. 



4.3.1 Completion of Mx 

Let 5 denote the length-space-distance on Mx associated to gx- The following 
theorem summarizes the main features of the geometry of the completion, Mx, 
of Mx- The remaining part of the Section is devoted to prove it. 

Theorem 4.3.1 (1) The completion of Mx is Mx = MxUH (H being the straight 
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convex set on which A is defined) endowed with the distance S 

'6{p,q) = 6{p,q) zfp,qeMx, 

6{p, q) = dmip, q) zfp,qeH, 

^{Pi <?) = 1™ ^{Pi In) if P & M\and q E H 

n^+oo 

where (qn) is any sequence in Ul such that T{qn) = n and N{qn) = q. The copy 
of H embedded into Mx is called the hyperbolic boundary dhMx of Mx. 

(2) The developing map Dx continuously extends to a map defined on MxUH. 
Moreover, the restriction of Dx to the hyperbolic boundary dhMx coincides with 
the bending map Fx- 

(3) Each level surface of the cosmological time T restricted to U{> 1) is also 
a level surface in Mx of the distance function A from its hyperbolic boundary 
dhMx- Hence the inverse Wick rotation is directed by the gradient of A. 

For simplicity, in what follows we denote by 6 both the distance on Mx and 
the distance on Mx U H. 

We are going to establish some auxiliary results. 

Lemma 4.3.2 The map N : Mx^Ii^ ts l-Lipschitz. 

Proof : Let p{t) be a C^-path in Mx- We have to show that the length of 
N{t) = N{p{t)) is less than the length of p{t) with respect to gx- (Since N is 
locally Lipschitz with respect to the Euclidean topology N(t) is a Lipschitz path 
in If.) 

By deriving the identity 

p{t) = r{t) + T{t)N{t) 

we get 

p{t) = r{t) + f{t)N{t) + T{t)N{t) 

As f and A^ are orthogonal to A^ (that up to the sign is the gradient of T) we 
have 

f(tV 1 / • • \ 

gx{p{t),p{t)) = ^^^^1, + _ ^ {m + T{t)N{t),r{t) + Tit)N{t)) . 

(4.13) 

By inequality ()3.3|) . we have (r{t), N{t) \ > 0, so 



gx{p{t),p{t)) > J2^[^ {^(t)^^{t)) > {N{t),N{t)) 



T{tf - 1 
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Lemma 4.3.3 The map arctgh(l/T) is 1-Lipschitz on M\. Moreover, the fol- 
lowing inequality holds 

6{p, q) < arctgh (1/T(p)) + arctgh (1/T(g)) + dM{N{p), N{q)) . (4.14) 

Proof : By using equation ()4.13|1 we can easily see that arctgh (1/T) is 1-Lipschitz 
function. 

Let us take g G Mx and for a > max(T(p), T(g)) let us set pa = r{p) + aN{a) 
and qa = r{q) + aN{q). Finally let be the geodesic on W°(a) joining pa to 
qa- Clearly the distance between p and q is less than the length of the path 
[P:Pa] * Ca * [qa,(l] (with respect to the hyperbolic metric gx)- By an explicit 
computation we get 

5{p, q) < arctgh {l/T{p)) - arctgh (1/T(pj) + (4 ^5) 

+arctgh (1/T(g)) - arctgh (1/T(g„)) 

where da is the distance of hix{ci) as slice of the Lorentzian manifold lAx- In [1^] 
it has been shown that 

-da{pa,qa) ^ d^{N{p),N{q)) 
a 

as a -H^ +00. So, by letting a go to +00 in fl4.15|l we get 

5{p, q) < arctgh {l/T{p)) + arctgh {l/T{q)) + d^{N{p), N{q)) . 



Proof of statements (1) and (2) and of Theorem \4.'3.1\ By Lemmas 14.3.21 
and 14.3.51 both and arctgh (1/T) extend to continuous functions of Mx and if 
(g„) is a Cauchy sequence in Mx then N[qn) and arctgh (1/T(g„)) are Cauchy 
sequences. In particular either T{qn) converges to a > 1 or to +00. In the 
former case the sequence r(l, g„) = r(g„) + A^(g„) is a Cauchy sequence of W°(l): 
in fact by (j4.14|) the map r (1, ■) : Mx ^ Ulil) is Lipschitz on 5 ^(a,/5) for 
1 < a < (3 < +00. Thus g„ converges in 

Now suppose (g„) is a sequence such that N{qn) Xoo and T(g„) — > +00. 
Inequality ()4.14p shows that (g„) is a Cauchy sequence. Thus the map 

: Ma ^ 

is injective on dMx = Mx\Mx and N{dMx) = H. 

Finally we have to prove that : dMx is an isometry. Since N is 

1-Lipschitz it is sufficient to show that does not decrease the distance on dMx- 
By the previous description of non convergent Cauchy sequences of Mx we see 
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that arctgh (1/T(p)) = for every p G dM\. So, inequality ()4.14|) gives the 
estimate we need. 

■ 

We are going to prove statement (3) of Theorem 14.3.11 

Corollary 4.3.4 The function A is . Moreover the following formula holds 

A{p) = arctgh(l/T(p)). 

For every point p G Mx the unique point realizing A on the boundary is N{p) and 
the geodesic joining p to N{p) is parametrized by the path 

c : [T{p), +oo) 9 t ^ r{p) + tN{p) E Mx. 

Proof : If p(t) is a C^-path, by ()4.13|) we have 

gx{p{t),p{t))>{t{t)r/{T'-ir 

and the equality holds if and only if r{t) = and N{t) = 0. Thus we obtain 
A(p) > arctgh (1/T(p)). The hyperbolic length of c is equal to arctgh (1/T(p)) 
so A(p) = arctgh (1/T(p)). Moreover, ii p{t) is a geodesic realizing the distance 
A we have that f = and = so p is a parametrization of c. 

■ 

When H = the topology of the completion is described in the following 
proposition. Later we will get information in the general case, together with the 
study of the AdS rescaling. 

Proposition 4.3.5 Suppose X to be a measured geodesic lamination of the whole 
Then Mx is a topological manifold with boundary, homeomorphic to M x 
[0, +oo). Moreover, Ma(A < e) is a collar ofB^ = dhMx- 

Proof : It is sufficient to show that the for every e > the set Ma(A < e) is 
homeomorphic to x [0,e]. Unfortunately the map 

Ma(A <e)3x^ (iV(x), A(x)) G x [0,e] 

works only if Ly/ is empty. Otherwise it is not injective. Now the idea to avoid 
this problem is the following. Take a point G Mx and consider the surface 

H(2;o) = {x G I+(r(2;o))| (x - r{z^),x - r{z^)) = -T{zo)^}. 

It is a spacelike surface of Ux{> 1) (in fact M{zo) is contained in W°(> a) for 
every a < T{zo)). Denote by v the Gauss map of the surface EI(2;o)- It sends the 
metric of ]HI(2;o) to the hyperbolic metric multiplied by a factor l/T{zo). Now we 
have an embedding 

^ : H(zo) X [0, +oo) 3{p,t)^p + tv{p) G W^(> 1) 
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that parameterizes the future of M.{zo)- Clearly if we cut the future of ]HI(zo) from 
Ma we obtain a manifold homeomorphic to x (0, +1]. Thus in order to prove 
that Ma is homeomorphic to x [0, 1] is sufficient to prove the following claim. 
The map ip extends to a map 

(p : H(2o) X [0, +oo] ^ Ma 

that is an embedding onto a neighbourhood of i9Ma = in Ma such that 

(p{p, +oo) = v{p) . 

The remaining part of the proof will be devoted to prove the claim. 
A fundamental family of neighbourhoods of a point vq eM^ = dM\ in Ma is 
given by 

V{vQ]e,a) = {x e Ul\dM{N{x),VQ) < e and T{x) >a}u{ve U^\dM{v,VQ) < e} . 

To prove the claim it is sufficient to see that for any compact sets H G U^, 
K C H^, and e, a > there exists M > such that 

Po + tvQ e V{vo;e,a) 

for every po ^ H , vq ^ K and t > M. 

Let us set p(t) = po + tvo and denote by r(t), N(t), T{t) the retraction, the 
Gauss map and the cosmological time computed at p{t). Notice that T{t) > 
t + T(0) and since po runs in a compact set there exists m that does not depend 
on Po and vq such that T(t) > t + m. 

On the other hand by deriving the identity 

p{t) =r{t)+T{t)N{t) 

we obtain 

vo = pit) = r{t) + T{t)N{t) + t{t)N{t) . (4.16) 
By taking the scalar product with we obtain 

(vo, n) = (r, N^ + t(^N,N^>0 . 

Since ch (duivo, N(t)) = — {vQ,N(t)), the function 

t^dM{Vo,N{t)) 

is decreasing. Thus there exists a compact set L C such that N(t) E L for 
every po E H , Vq E K, t > 0. By Lemma r3.6.2l there exists a compact set S in 
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Xo such that r{t) G S for every t > 0, po E H and vq G K. We can choose a 
point g G Xo such that S C l'^{q)- Notice that 

T{t) = \p{t) - r(t)| < V- {pit) -q, Pit) -q) . 

By using this inequahty it is easy to find a constant M (that depends only on H 
and K) such that 

r(t) <t + M. 
This inequahty can be written in the following way: 

[ if is) - l)ds < M . 
Jo 

On the other hand, by ()4.16p we have 

chdH(^;o,iV(t)) = - {vo,Nit)) = fit) 

so T > 1. It follows that the measure of the set 

I, = {s\fis) -l>e} 

is less than M/e. Since T is concave, 1^ is an interval (if non-empty) of [0, +oo) 
with an endpoint at 0. Thus is contained in [0,M/e]. 

Eventually we have proved that for t > max(M/e, a) we have T(t) > a and 

ch dmivo, Nit)) = - {vo, Nit)) = fit) <l + e . 

Thus the claim is proved. 

In order to conclude the proof we have to show that (f is proper, and the image 
is a neighbourhood of = dM\ in Mx- For the last statement we will show 
that for every vq and e > there exists a > such that Vivo; e, a) C I"*'(EI(2;o)). 
In fact, since N is proper on level surfaces, there exists a compact set 5* such 
that riVivo]e,a)) is contained in S for every a > 0. In particular it is easy to 
see that there exist constants c, d (depending on vq and e) such that if we take 
p G VivQ] e, a) we have 

\p-rizo)\ ^ -Tip)^ + cTip) + d . 

We can choose Oq sufficiently large such that if Tip) > oq then {p — rizQ),p — 'r(zo)) < 
-Tizo). So Vivo;e,a) C I+(H(2o)) for a > a^. 

Finally we have to prove that if g„ = '^ipn-, tn) converges to a point then p„ is 
bounded in H[(zo)- 

Let us set p„(t) = Pn + tvipn) = Tnit) + Tnit)Nnit). Siucc Nnitn) is compact 



CHAPTER 4. FLAT LORENTZIAN VS HYPERBOLIC GEOMETRY 



97 



there exists a compact S such that rn{tn) G S. Thus by arguing as above we can 
find M > such that 

T{qn)<tn + M. 

On the other hand we have 

T{q^)-t^> / {-{N„,it),v{p„))-l)ds . 
Jo 

Since — {Nn(t),v{pn)) — 1 = — 1 is a decreasing positive function for every 

€>0 

<-{Nr,it),viPn)) <l+e 

for tn >t > M/e. In particular, for n sufficiently large we have that {Nnitn),v{pn)) < 
2. Thus v{pn) runs is a compact set. Since pn = v{pn)+ro, the conclusion follows. 



4.3.2 Projective boundary of Mx 

Let us define Mx = Mx UW°(1). In this section we will prove that the map 
Dx ■ Mx — > can be extended to a map 

Dx-.Mx^ 

in such a way that the restriction of Dx on takes value on S"^ = dl¥^ and 

is a C^-developing map for a projective structure on 

In fact, for a point J9 G we know that the image via Dx of the integral 

line {pt)t>i of the gradient of T is a geodesic ray in of infinite length starting 
at Fx{N{p)). Thus, we define Dx{p) to be the end-point in S'^ of such a ray. 
In the following statement we use the lamination A on the level surface 
defined in Section 13.51 Moreover we will widely refer to Section 12.51 

Theorem 4.3.6 The map Dx '■ S'^ is a local C^-conformal map. In 

particular it is a developing map for a projective structure on 
The canonical stratification associated to this projective structure coincides with 
the stratification induced by the lamination X and its Thurston metric coincides 
with the intrinsic spacelike surface metric kx on . 

Proof : The first part of this theorem is proved just as Theorem 14.2.21 In fact 
an explicit computation shows that Dx ■ — > 5"^ is a C^-conformal map 
if A is a weighted geodesic. Thus it follows that Dx is a C^-conformal map if 
A is a simplicial lamination. Then by using standard approximations we can 
prove that Dx is a C^-conformal map for any A. Indeed W^(l) can be regarded 
as the graph of a C^-function (fx defined on the horizontal plane P = {xq = 0}. 
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Moreover if — > A on a compact set K, then ipx^^ converges to ipx on P{K) = 
{x\N{(f{x), x) G K} in C^-topology. Thus, by using parameterizations of W°^(l) 
given by 

(^xM = {<^x^{x),x) , 

we obtain maps 

dx„ : P{K) ^ Si . 

The same argument used in Theorem 14.2.21 shows that d\„ converges to dx on 
P{K) in C^-topology. Finally if kn is the pull-back of kx„ on P{K), we have 
that kn converges on P{K) to the pull-back of kx- Since dx^ ■ {P,gn) is a 

conformal map by taking the limit we obtain that dx is conformal on P{K). 

The proof of the second part of the statement is more difficult. Consider the 
round disk Dq in such that SDq is the infinite boundary of the right half-space 
bounded by in tf. Notice that the retraction Dq ^ is a conformal map (an 
isometry if we endow Do with its hyperbolic metric). We denote by a : — Dq 
the inverse map. With this notation the map Da : Wa(1) ^ ^oo can be expressed 
in the following way: 

Dxip)=B{po,p)aiN{p)) . 

Now for every point p G let us consider the round circle Dp = B{pq,p){I])q) 

and define Ap to be the connected component of D^^(Dp) containing p. 

To conclude the proof we will use the following estimate whose proof is post- 
poned. 

Lemma 4.3.7 Let go^ be the hyperbolic metric on Dp. For q G Ap we have 

D*x{gDp){q) = rjkxiq) 

where kx is as usual the intrinsic metric oflAxiX) o.'^^d rj is a positive number such 
that 

logr/>/ 5{t)dii{t) +a{p,q) . (4.17) 

JlNip),Niq)] 

where 6{t) is the distance of N{q) from the stratum of X containing t (that is a 
point on the geodesic segment [A^(p), N{q)\) and a{p, q) is equal to |r(p) — r(g) if 
N{p) = N{q) and otherwise. 

By Lemma 14.3.71 Dx '■ Ap Dp increases the lengths. Thus a classical 
argument shows that it is a homeomorphism. Since Ap contains Fp = W°(l) fl 
r^^r(p) it is a maximal round ball. Notice that on Fp we have Dx\fp = B(po,p) o 
A^. Thus the image of Fp in Dp is an ideal convex set. Moreover if Ap is the 
stratum corresponding to Ap the same argument shows that Fp C Ap and in 
particular A' is the stratum through p. 
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Figure 4.3: On the left it is shown how disks Pj intersect each other. On the right 
picture shows that if 1)4. 19p is not verified then ()4.18|1 does not hold. 

The map 

is a conformal map, moreover its restriction on TpFp is an isometry (with respect 
to the hyperbolic metric of Dp). Thus it is an isometry and this shows that kx 
coincides with the Thurston metric. 

Finally we have to show that Fp = A'p. li q ^ Fp, formula ()4.17j) implies that 

is not an isometry. Thus Ap is different from and q ^ A'^. 

■ 

Now we have to prove Lemma 14.3.71 For the proof we need the following 
estimate. 

Lemma 4.3.8 Let I be an oriented geodesic o/Dq- Denote by R E PSL{2,C) 
the positive rotation around the corresponding geodesic ofM^ with angle a. Take 
a point p G Do m the left half-space bounded by I and suppose R{p) G Dq. Then 
if g is the hyperbolic metric on Dq 

R*{9){p) = V{P)9{P) 
where r]{p) = (cos a — sh (d) sina)^^ > where d is the distance from p and I. 

Proof : Up to isometrics we can identify Dq with the half-plane {{x,y)\y > 0} in 
such a way that / = {x = 0} is oriented from towards oo. In these coordinates 
we have 

R{x, y) = {x cos a — ysma,xsma -\- y cos a) . 
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Since p = {x, y) is in the left half-plane bounded by I then a; < 0. Moreover as 
R{p) G Do we have that \y/x\ > tana. By an explicit computation we have 

R^igM = ^^idx' + dy') 

y cos a + xsma 

then we see that rjip) = (cos a — usina)^^ where u = \x/y\. On the other hand 
a classical hyperbolic formula shows that \x/y\ = she? where d is the distance of 
p from /. 

■ 

Proof of Lemma \4 ■ 3. 1\ It is sufficient to consider the case A simplicial. The 
general case will follows by an approximation argument. 

Up to post-composition by an element of PSL{2, C) we can suppose that the 
point p is the base point so Dp is Dq. Take g G Ap and consider a path c in Ap 
containing p and q. The intersection of every stratum of A with Ap is convex. 
Thus we can suppose that c intersects every leaf at most once. 
Denote by Zq, ^i, • • • , In the leaves intersecting N{c) and let oq, . . . , be the re- 
spective weights with the following modifications. If q lies in a Euclidean band 
denote by a„ the distance from the component of the boundary of the band that 
meets c. In the same way if p lies in a Euclidean band oi is the distance of pi 
from the component of the boundary hit by c. Finally if p and q lie in the same 
Euclidean boundary (that is the case when N{p) = N{q)) then n = 1 and ai is 
the distance between r{p) and r{q) (that is by definition a{p,q)). 

Let us set Bi = exp(aiXi) o • ■ ■ oexp(ajXj) where Xj is the standard generator 
of the rotation around /j. Notice that Bn = B{p, q). 

We want to prove that D\{q) G Dj = i?j(Do). In fact we will prove that 
Di n Do is a decreasing sequence of sets (with respect to the inclusion). By the 
hypothesis on c we have that D^ fl Do 7^ 0. Moreover if we denote by X*j^-y the 
standard generator of rotation around the geodesic /*_,_^ = Biifi^i) then 

exp(tX*^i)Di n Do ^ (4.18) 

for < t < cij_|_i (in fact there exists a point q' & c lying on the Euclidean band of 
W°(l) corresponding to /j+i with distance from the left side equal to t and Dx{q') 
lies in the intersection (j4.18p ). Now by induction we can show that 



Do n Di+i C Do n Di 

the component of dB>i — dl* containing does not meet Do . 



(4.19) 



Suppose Do n Dj+i is not contained in Do fl Dj. Since Dj+i is obtained by the 
rotation along whose end-points are outside Do it is easy to see that there 
should exist to < ca+i such that exp()f:oX*^^)Dj does not intersect Do (see Fig. l4.3p . 
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Let Qi denote the hyperbolic metric on Dj. We have that D\{gn) is the intrinsic 
metric on W°(l) at q. Moreover we have that 

g,{Dx{q)) = r],g,+i{Dx{q)) 
with 7]^^ = cosoj — Mjsinaj where Ui = sh di where di is the distance of N{q) 

n-l 

from /j. Since i] = obtain 



- log ?7 = ^ log(cos ttj) + ^ log(l - Ui tan a^) 
Now logcos(aj) < —af/2 and log(l — Ujtanaj) > diUi so we get 

log?7 > '^ditti + a{p,q) . 



Corollary 4.3.9 Every level surface W^(a) is equipped with a projective struc- 
ture. Moreover, the corresponding Thurston distance is equal to the intrinsic 
distance up to a scale factor. 



Proof : The map 

rescales the metric by a factor t^. Moreover, it takes lAl{\/t) onto lA^x{^). 



U^3 x^txe 



4.4 Equi variant theory 

Assume that the lamination A is invariant under the action of a discrete group F, 
that is A is the lifting of a measured geodesic lamination defined on some straight 
convex set H of the hyperbolic surface F = H^/F. The following lemma, proved 
in j2Z] , determines the behaviour of the cocycle Bx under the action of the group 
F. 

Lemma 4.4.1 Let X be a measured geodesic lamination on H invariant under 
the action ofT. Then if Bx'. H x H PSL{2,C) is the cocycle associated to A 
we have 

Bxi^x, 72/) = 7 o y) o 7-^ 

for every 7 G F. 
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Now let us fix base point Xq G H and consider the bending map 

For 7 G r let us define 

h\{-f) = Bxixo, 7x0) o 7 G PSL{2, C) 

Lemma liXn implies that h\ : T ^ PSL{2, C) is a homomorphism. Moreover by 
definition it follows that Fx is /ij^-equivariant. 

On the other hand in 13.81 we have seen that there exists a homomorphism 

hl-.r^ Isomo(Xo) 
such that Ux is /i^-invariant and the Gauss map is /i^-equivariant that is 

iVK(7)(p)) = 7(iV(p)) • 
By using this fact it is easy to see that 

Bx{hlh)p,hli^)q) = ^Bx{p,qh-\ 

hence that 

Dxihli^)p) = h\i^)iDxip)) . 

In particular we have that the map Dx is a developing map for a hyperbolic 
structure on Mx/h1(T). The completion of such a structure is a manifold with 
boundary homeomorphic to F x [0, +00). The boundary is isometric to H. 

The map Dx ■ — >• S*^ is /i^^-equivariant so it is a developing map for a 
projective structure on W°(l)/r. 

Notice that given a marking F W^(l)//;.°(r), by using the flow of the 
gradient of the cosmological time, we obtain a marking F Ux{cL)/h\{V). Thus 
we obtain a path in the Teichmiiller-like space of projective structures on F and 
clearly an underlying path of conformal structures in the Teichiiller space of F . 

The following corollary is a consequence of Theorems I4.2.2t 14.3.61 

Corollary 4.4.2 Let Y he a maximal globally hyperbolic flat spacetime such that 
Y is a regular domain. IfT denotes the cosmological time and X is the gradient 
ofT then the Wick rotation on Y{> 1), directed by X, with res caling functions 



rp2_i ^ ^r^2_ ly 

is a hyperbolic metric. 
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A projective structure of hyperbolic type is defined on Y{1) by extending the 
developing map on Y{> 1). The intrinsic metric on Y{1) coincides with the 
Thurston metric associated to such a structure and Y{> 1) equipped with the 
hyperbolic metric given by the Wick rotation coincides with the H-hull of the 
projective surface Y{1). 

The canonical stratification associated to the projective structure on Y{1) co- 
incides with the partition given by the fibers of the retraction on Y. 

The measured lamination corresponding to Y ( according to Theorem \1.4-4\ ) 
coincides with the measured lamination associated to the projective structure on 
Y{1) (according to f^). 

■ 

Let S be an orientable surface with non-Abelian fundamental group. By j^] 
the universal coverings of maximal globally hyperbolic flat spacetimes with a 
complete spacelike surface homeomorphic to S are regular domains. On the 
other hand, by jSHI, projective structures on S are of hyperbolic type. 

Corollary 4.4.3 Let S denote an orientable surface such that 7ii{S) is not Abelian. 
Then the set of maximal globally hyperbolic flat spacetimes containing a complete 
Cauchy surface homeomorphic to S is non-empty and, up to isometrics, bijec- 
tively corresponds to the set of projective structures on S. 



Cocompact F-invariant case If the group T is cocompact, we can relate 
this construction with the Thurston parametrization of projective structures on 
a base compact surface F of genus g > 2. In fact, it is not hard to see that 
the projective structure on W°(l)//i°(r) is simply the structure associated to 
(r. A) in Thurston parametrization. We have that the conformal structure on 
ll^{l)/h1{T) is the grafting of if /T along A (see 021 EDI)- It follows that the 
surface W°(a)//i°(r) corresponds to grx/a{F); a [W°(a)//i°(r)] is a real analytic 
path in the Teichmiiller space Tg. Such a path has an endpoint in 7^ at F as 
a +00 and an end-point in Thurston boundary dTg corresponding to the 
lamination A (or equivalently to the dual tree S). 



Chapter 5 



Flat vs de Sitter Lorentzian 
geometry 

In this chapter we will construct a map 

D:Ux{< 1) ^ Xi 

where Xi is the de Sitter space. Hence D can be considered as a developing map 
of spacetime IA\ of constant curvature k = 1. The pull-back of the de Sitter 
metric is obtained by a rescaling of the standard flat Lorentzian metric, directed 
by the gradient of the cosmological time and with universal rescaling functions. 
The map D is the semi-analytic continuation of the hyperbolic developing map D 
constructed in the previous chapter, regarding H'^ and Xi as open sets of the real 
projective space (Klein models), separated by the quadric S'^. By studying U\ 
we will eventually achieve Theorem 11.6.11 and the statement (3) of of Theorem 
fro of Chapter □ 

Finally, a suitable equivariant version of all constructions (together with the 
results of Chapters 01 and will lead us to the classification Theorem I1.7.H in 
the cases of constant curvature k = 0, 1. 

Remark 5.0.4 We will widely refer to 1201 which maximal globally hyper- 
bolic de Sitter spacetimes with compact Cauchy surface are classified in terms of 
projective structures. Anyway we have checked that essentially all constructions 
work as well by simply letting the Cauchy surface be complete. 

5.1 Standard de Sitter spacetimes 

The main idea of jSUl is to associate to any projective structure on a surface a 
so called standard de Sitter spacetime. It turns out that the canonical de Sitter 
rescaling on IA{< 1) produces the standard spacetime associated to the projective 
structure on W(l) previously obtained thanks to the Wick rotation. In this way 
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we will eventually see that, apart from a few exceptions, maximal globally hyper- 
bolic flat spacetimes containing a complete Cauchy surface homeomorphic to a 
given surface F, bijectively corresponds to maximal globally hyperbolic de Sitter 
spacetimes with a complete Cauchy surface homeomorphic to the same surface 
F (the canonical rescaling giving the bijection). 

We start by recalling the construction of standard de Sitter spacetimes corre- 
sponding to projective structure of hyperbolic type (also called "standard space- 
times of hyperbolic type"). This construction is, in fact, dual to the construction 
of the if-huUs. 

Given a projective structure of hyperbolic type on a surface S with developing 
map 

d : S S^ 

recall the canonical stratification of S (see Section For every p & S let U{p) 
denote the stratum passing through p and U*{p) be the maximal ball containing 
U{p). Now d{U*{p)) is a ball in 5*^ so it determines a hyperbolic plane in H^. 
Let p{p) denote the point in Xi corresponding to this plane: the map p : 5 ^ Xi 
turns out to be continuous. There exists a unique timelike geodesic Cp in Xi 
joining p(p) to d{j)) so we can define the map 

: A X (0, +oo) 3 {p, t) t-> Cp(t) G Xi 

This map is a developing map for a de Sitter structure on S" x (0, -|-oo) that is 
called the standard spacetime corresponding to the given projective structure. 

Remark 5.1.1 In [50 a standard spacetime is associated to every complex 
projective surface (also of parabolic or elliptic type). However we will deal only 
with standard spacetimes of hyperbolic type. 



5.2 The rescaling 

We are going to prove 

Theorem 5.2.1 Let U be a regular domain . The spacetime, say , obtained 
by rescaling U{< 1) along the gradient of the cosmological time T and rescaling 
functions 

is a standard de Sitter spacetime of hyperbolic type corresponding to the projective 
structure on W(l) produced by the Wick rotation. 



Proof : 
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Let A be the measured geodesic lamination defined on some straight convex 
set H such that U = U^. We construct a map 

D : U^{< 1) ^ Xi 

that, in a sense, is the map dual to the map D constructed in the previous chapter. 
We prove that such a map is and the pull-back of the de Sitter metric is a 
rescaling of the flat metric of U^. 

The construction of D is very simple. In fact if s is a geodesic integral line 
of the gradient of cosmo logical time, s>i = s nU^{> 1) is sent by D onto a 
geodesic ray of H^. We define D on s<i in such a way that it parameterizes the 
timelike geodesic ray in Xi contained in the projective line (in the Klein model) 
determined by D(s>i) (that is the continuation of D(s<i), see Section IT^ . 

Let us be more precise. Consider the standard inclusion C tf. Since 
is oriented there is a well-defined dual point Vq G Xi (that is the positive vector 
of the normal bundle). 

Now let us take the base point xq E H for the bending map and a correspond- 
ing point po G W°(l). For p E let us define 

v{p) = Bx{po,p)vo G Xi 

x{p) = Bx{po,p)N{p) = Fx{N{p)) . 

Thus let us set 

D{p) = [chr(p)f(p) + shr(p)x(p)] 

where we have put r(p) = arctghT(p) (notice that for p G W^(> 1) we have 
D{p) = [ch 6 {p)x{p) + sh 6 {p)v{p)] where S{p) = arctgh 1/T(p)). 
We claim that the map 

D : W°(< 1) ^ Xi 

is C^-local diffeomorphism. The pull-back of the metric of Xi is the rescaling of 
the metric of IA^{< 1) along the gradient of T with rescaling functions 

1 1 
" = ^ = (1_T2)2 • (5-2) 

Clearly the claim proves Theorem 15.2.11 

The proof of the claim is quite similar to the proof of Theorem 14.2.21 In fact 
by an explicit computation we get the result in the case when A is a weighted 
geodesic. Thus the statement of the theorem holds when A is a simplicial lami- 
nation. Moreover by proving the analogous of Lemma 14.2.51 and using standard 
approximations we obtain the proof of the general case. 
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Then the same argument of Theorem 14.2.51 works in the same way and we 
omit details. 

To make the computation for Uq = U^^, let us use the same notation as in 
Section 13^21 In particular let us identify X_i as the set of spacelike lines through 
of M"^ and consider coordinates {u, (, T) on Uq given in ()4.7|1 . 

In these coordinates we have 



shr(ch^chM, ch^shu, sh^, 0) + chr(0, 0,0,1) 
if < ; 

shr(chM, shw, 0,0) + chr(0, 0, — sin((^tghr), cos(Ctghr)) 
if G [0, ao/T] 

shr(ch^'chM, ch^'shw, sh^'cosao, sh^'sinao) + 

ch r(0, 0, — sin cosoq) 
otherwise 



where r = tghT and (' = t] — ao/T. 

This map is clearly smooth for ( ^ 0, ao/T. Since the derivatives of Dq with 
respect the coordinates fields glue along C = and C = chqT the map D is C^. 

By computing the pull-back of the de Sitter metric we have 



D*oig)iT,C,u) 



-dr2 + shV(dC^ + ch^CdM^) 
-dr2 + shV(dC' + ch'(C')dM2) 



if C < 

if Ce [o,ao/r] 

otherwise. 



(5.3) 
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Since dr 



1 



dT and sh 



^2 



comparing ()5.3|) and ()4.8p shows that 



1-T2 



1-T2 



Doig) is obtained by the rescahng along the gradient of T with rescahng functions 
given in ()5.1|) . 

■ 

Corollary 5.2.2 T/ie rescaling of Theorem \5.2.1\ gives rise to a bijective corre- 
spondence between the set of regular domains and the set of standard de Sitter 
spacetimes of hyperbolic type. 



Corollary 5.2.3 Let S be the initial singularity of defined in Section 
The map D extends to a continuous map 



can be shown to be continuous with respect to the intrinsic distance d-^,- 

Remark 5.2.5 The above construction allows to identify S with the space of 
maximal round balls of W^(l). 

In what follows, we denote by IA\ the domain W°(< 1) endowed with the de 
Sitter metric induced by D. 

Proposition 5.2.6 The cosmological time ofU\ is 




and D can be extended to S by putting 



D{r) = B{r{po),r)vo ■ 



Remark 5.2.4 By (14. 2p . the cocycle 



5 : S X S ^ S0+(3, 1) 



T = arctgh (T). 



Every level surface (r = a) is a Cauchy surface. 
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Proof : Let 7 : [0, a] IA\ denote a timelike-path with future end-point p 
parametrized in Lorentzian arc-length. Now as path in lA^ we have a decomposi- 
tion of 7 

^{t)^r{t)+T{t)N{t) . 
By computing derivatives we obtain 

7 = r + TTV + TAT 
so the square of de Sitter norm is 

where | • | is the Lorentzian flat norm. It follows that 

f 



1 < 



1-72 

and integrating we obtain 

arctghT(p) — arctghT(O) > a 

i.e. the de Sitter proper time of 7 is less than arctghT'(p). On the other hand 
the path 7(t) = r{p) + tN{p) for t G [0, T{p)\ has proper time arctghT(p) so the 
cosmological time of U\ is 

r = arctghT . 

Now let 7 : (a, b) — > U\ be an inextensible timelike-curve parametrized in 
Lorentz arc- length such that 7(0) = p. We want to show that the range of 
T{t)^T{^{t)) is (0,1). 

Suppose 13 — supT'(t) < 1. Since T{t) is increasing then (3 = limT(t). Then 

the path 

c{t) = r{t) + N{t) 

should be inextensible (otherwise we could extend 7 in W^). Now we have 

For i > we have T{t) > T{p) = Tq so 

To\c\ < \r + TN\ 
Multiplying by the horizontal rescaling factor we have 

To ^ \r + TN\ 

VI -^2'^' - VI -72 ■ 
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Since T{t) < /5 < 1 it results 

To \r + TN\ 

By looking at equation ()5.4|) we deduce 

To |.| ^ T 

yr^'''' - 1-T2 ■ 

Thus the length of c is bounded. On the other hand since W°(l) is complete it 
follows that c is extensible. Thus we have proved that sup T(t) = 1. The same 
computation applied to 7(0, 0) shows that inf T(t) = 0. 

■ 

Corollary 5.2.7 Any standard de Sitter spacetime of hyperbolic type contains a 
complete Cauchy surface. Moreover its cosmological time is regular. 



5.3 Equi variant theory 

Suppose F = H^/r be a complete hyperbolic surface and A be a measured 
geodesic lamination defined on some straight convex set H of F. 
We have seen that there exists an affine deformation of F 

hl-.r^ Isomo(Xo) 

such that is /i°(r)-invariant and the Gauss map is /i^-equivariant. Moreover 
in the previous section we have constructed a representation 

hl-.r^ PSL{2,C) = S0+(3,l) 

such that 

D o hli-f) = hl{-f) o D for7Gr. 

Now it is straightforward to see that the same holds changing D hj D. 

Thus Z) is a developing map for a maximal globally hyperbolic structure, say 
on T X M. By construction, Y^ is the standard de Sitter space-time associated 

to W°(l)//i°(r) (that carries a natural projective structure bv l4.3.2|) . Notice that 

Y^ is obtained by a canonical rescaling on Y^ = lA^/h\{V) along the gradient of 

the cosmological time with rescaling functions as in 15.2.11 

Let S" be a compact closed surface. In jHO] Scannell proved that the universal 

covering of any maximal globally hyperbolic de Sitter spacetime = 5 x M is a 

standard spacetime. In fact, the same argument proves the following a bit more 

general fact. 
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Proposition 5.3.1 Let S be any surface and M be a maximal globally hyperbolic 
de Sitter spacetimes containing a complete Cauchy surface = S. Then it is a 
standard spacetime. 

As a consequence of this proposition we get the following classification theo- 
rem. 

Theorem 5.3.2 The correspondence 

Yx - Y,' 

induces a bisection between flat and de Sitter maximal globally hyperbolic space- 
times admitting regular cosmological time and a complete Cauchy surface. 



Corollary 5.3.3 Let S be a surface with non-Abelian fundamental group. The 
rescaling given in Theorem \1.6.1\ establishes a bisection between flat and de Sitter 
maximal hyperbolic spacetimes admitting a complete Cauchy surface homeomor- 
phic to S . 



Chapter 6 

Flat vs AdS Lorentzian geometry 



First we perform a canonical rescaling on any given flat regular domain W;^, 
obtaining a globally hj^erbolic AdS spacetime Vx containing complete Cauchy 
surfaces. The AdS 7W£-spacetime U^^ is by definition the maximal globally 
extension of V\. This AdS canonical rescaling runs parallel to the Wick rotation 
of Chapter El Every spacelike plane P is a copy of into the Anti de Sitter space 
X_i. So the core of the construction consists in a suitable bending procedure of 
P along any given A G M.C However, in details there are important differences. 
Both spacetime and time orientation will play a subtle role. 

Then we characterize the class of our favourite simply connected maximal 
globally hyperbolic AdS spacetimes as to coincide with the class of so called 
standard AdS spacetimes (z.e the Cauchy developments of achronal curves on the 
boundary of X_i), and we study their geometry. In particular this allows us to 
recognize V\ as the past part of lA^^ (that is the past of the future boundary of its 
convex core). Finally we show that 

A - U^' 

actually establishes a bijection onto the set of maximal globally hyperbolic AdS 
spacetimes containing a complete Cauchy surface. By combining all these results 
(including their equivariant version) we will eventually prove Theorem 11.6.21 (2) 
of Theorem ll.6.3[ and the 1 of Theorem 11.7.11 stated in Chapter ^ 

At the end of the Chapter we discuss (broken) T-symmetry and relations with 
the theory of generalized earthquakes. 

6.1 Bending in AdS space 

The original idea of bending a spacelike plane in X_i was already sketched in 
. We go deeply in studying this notion and we relate it to the bending cocycle 
notion of Epstein and Marden. 
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First let us describe a rotation around a spacelike geodesic I. By definition 
such a rotation is simply an isometry T which point-wise fixes /. Up to isometries 
/ can be supposed to lie on Pq = P{Id), that is the plane dual to the identity 
in PSL{2,'R) (see Section IT^ . The dual geodesic /* is a hyperbolic 1-parameter 
subgroup, as we have remarked in Section IT^ 

Lemma 6.1.1 Let I be a geodesic contained in Pq and 1* denote its dual line. For 
X G /*, the pair {x,x^^) G PSL{2,'K) x PS'L(2,M) represents a rotation around 
I. The map 

R-.r 3x^{x, x-^) G PSL{2, R) x PSL{2, R) 
is an isomorphism onto the subgroup of rotations around I. 

Proof : First of all, let us show that the map 

X_i 3 y ^ xyx G X_i 

fixes point- wise / (clearly / is invariant by this transformation because so is /*). 
If c is the axis of x considered as an isometry of M^, then I is the set of rotations 
by 71 around points in c. Thus it is enough to show that if p is the fixed point of 
y E I, then 

xyx{p) = p . 

If we orient c from the repulsive fixed point of x towards the attractive one, x{p) 
is obtained by translating p along c in the positive direction, in such a way that 
d{p, x{p)) is the translation length of x. Since ?/ is a rotation by vr around p, we 
have that yx{p) is obtained by translating p along c in the negative direction, in 
such a way d{p, yx{p)) = d{p, x{p)). Thus we get xyx{p) = p. 

Now R is clearly injective. On the other hand, the group of rotations around 
a geodesic has dimension at most 1 (for the differential of a rotation at p G / 
fixes the vector tangent to / at p). Thus R is surjective onto the set of rotations 
around /. 

■ 

Corollary 6.1.2 Rotations around a geodesic I act freely and transitively on the 
dual geodesic 1* . Such action induces an isomorphism between the set of rotations 
around I and the set of translations of 1* . 

By duality, rotations around I act freely and transitively on the set of spacelike 
planes containing I. Given two spacelike planes Pi, P2 such that I C Pi, then there 
exists a unique rotation Ti^2 around I such that Ti^2{Pi) = P2- 

■ 

Given two spacelike planes Pi, P2 meeting each other along a geodesic /, the 
dual points Xi = x{Pi) lie on the geodesic 1* dual to /. Then we define the angle 
between Pi and P2 as the distance between xi and X2 along /*. Notice that: 
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By varying the couple of distinct spacelike planes, the angles between them are 
well defined numbers that span the whole of the interval (0, +oo). 

This is a difference with respect to the hyperbohc case, that will have important 
consequences for the result of the bending procedure. 

Corollary 6.1.3 An isometry T o/ X_i is a rotation around a geodesic if and 
only if it is represented by a pair {x, y) such that x and y are isometrics of of 
hyperbolic type with the same translation length. 

Given two spacelike planes Pi,P2 meeting along a geodesic I, let {x,y) be the 
rotation taking Pi to P2. Then the translation length r of x coincides with the 
angle between Pi and P2. 

Proof : Suppose that {x, y) is a pair of hyperbolic transformations with the same 
translation length. Then there exists z G PSL{2,'R) such that zyz~^ = x~^. 
Hence (1,-2) conjugates {x,y) into {x,x^'^). Thus {x,y) is the rotation along the 
geodesic {l,z)^^{l) where I is the axis of {x,x^^). 

Conversely, if {x, y) is a rotation, it is conjugated to a transformation (z, z~^) 
with z a hyperbolic element of PSL{2,M). Thus, x and y are hyperbolic trans- 
formations with the same translation length. 

In order to make the last check, notice that, up to isometry, we can suppose 
Pi = P{Id). Thus, if {x,x~^) is the isometry taking Pi onto P2, then the dual 
points of Pi and P2 are Id and x^ respectively. If d is the distance of x^ from Id 
there exists a unitary spacelike element X e 5((2, R) such that 

x'^ — ch.dl + sh dX 

Thus we obtain that trx^ = 2ch.d. By a classical identity, tix^ = 2c\iu/2 where 
u is the translation length of x^. Since u = 2t the conclusion follows. 
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There is a natural definition of positive rotation around an oriented spacelike 
geodesic I (depending only on the orientations of / and X_i). Thus, an orientation 
on the dual hne /* is induced by requiring that positive rotations act by positive 
translations on /*. 

In particular, if we take an oriented geodesic / in P{Id), and denote by X the 
infinitesimal generator of positive translations along / then it is not difficult to 
show that the positive rotations around I are of the form {exp{—tX) , exp{tX)) 
for t > 0. Actually, by looking at the action on the boundary we deduce that 
both the maps {exp{—tX), Id) and (Id, exp(tX)) rotate planes through I in the 
positive direction (see Fig. 16. 

6.1.1 AdS bending cocycle 

We can finally define the bending along a measured geodesic lamination. First, 
take a finite measured geodesic lamination A of tf. Take a pair of points x,y eM'^ 
and enumerate the geodesies in A that cut the segment [x, y] in the natural way 
/i, . . . , /„. Moreover, we can orient k as the boundary of the half-plane containing 
X. With a little abuse, denote by k also the geodesic in P{Id) corresponding to 
Zj, then let l3{x,y) be the isometry of X_i obtained by composition of positive 
rotations around Zj of angle equal to the weight of Zj. In particular, if Xi 
denotes the unit positive generator of the hyperbolic transformations with axis 
equal to k, then we have 

f3x{x,y) = {f3.{x,y),(3+{x,y)) e PSL{2,R) x PSL{2,R) where 
l3-{x, y) = exp(-aiXi/2) o exp(-a2X2/2) o . . . o exp(-a„X„/2) 
P+{x, y) = exp(aiXi/2) o exp(a2X2/2) o . . . o exp(a„X„/2) 

with the following possible modifications: ai is replaced by ai/2 when x lies on 
li and ttn is replaced by a„/2 when y lies on li The factor 1/2 in the definition of 
/3± arises because the translation length of exp tX is 2t. 

Notice that /3_ and /5+ are the Epstein-Marden cocycles corresponding to 
the real-valued measured laminations —A and A. Thus, for a general lamination 
A = {H,C,fi), we can define j3x{x,y) for x,y & H, just by taking the limit of 
Pxn{x,y), where (A„) is a standard approximation of A in a box containing the 
segment [x,y]. The convergence of l3\„{x,y) is proved in fI7\ . 

Remark 6.1.4 We stress that the above —A is just obtained from A = {C, fi) by 
taking the negative-valued measure —fi. Although this is no longer a measured 
lamination in the sense of Section 13. 4t the construction of [2Zj does apply. In 
Sectioning (and in the Introduction) we use the notation — A in a different context 
and with a different meaning. 

Let us enlist some properties of the bending cocycle that will be useful in this 
work. 
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1. (3x{x,y) o Px{y,z) = j3\{x,z) for every x,y,z E H (this means that Px is a 
PSL{2,R) X P5'L(2,M)-valued cocycle); 

2. /5A(a;, x) = Id; 

3. /5a is constant on the strata of the stratification determined by A. 

4. If x,y lie in different strata then (3^{x,y) (resp. is a non-trivial 
hyperbohc transformation whose axis separates the stratum through x and 
the stratum through y. Moreover the translation length is bigger than the 
total mass of [x,y]. 

5. If A„ ^ A on a ^-neighbourhood of the segment [x, y] and x,y ^ Lw, then 
f^Xn{x,y) f3x{x,y). 

Properties 1), 2), 3) follow by definition, property 5) is proved in |27j. Finally 
property 4) follows from the following lemma. 

Lemma 6.1.5 Ifg, h G PSL{2, M) are hyperbolic transformations whose axes are 
disjoint and point in the same direction then the composition g ok is hyperbolic, 
its axis separates the axis of g from the axis of h and its translation length is 
bigger than the sum of the translation lengths of g and h. 

Proof : Notice that 

g = ch dil + sh diX 
h = ch d2l + sh d2Y 

with X, F e s[(2,M) unitary elements and di and d2 equal respectively to the 
half of the translation lengths of g and h. The plane generated by X, Y is not 
spacelike: otherwise its dual point (in P{id)) would be the intersection of the 
axis of g and of h. Thus the reverse of the Schwarz inequality holds 

1/2 iiXY = r]{X,Y) > 1 

that, in turn, implies 

1 /2 ti{g oh) =ch rfich rfa + 1 /2sh dish rfstr (XF ) > ch {di + da) . 

Since the interval /+ (resp. /_) in (9EI^ whose end-points are respectively the 
attractive (resp. repulsive) end-points of g and h is sent into itself hjgok (resp 
{g o h)~^) it contains the attractive (resp. repulsive) fixed point oi g o k. Thus 
the axis oi g ok separates the axis of g from the axis of h. 

■ 

Another important property of /?. is that for close points x, y the map I3x{x, y) 
is approximatively equal to a hyperbolic transformation whose axis is a leaf of 
A cutting [x,y\ and whose translation length is the total mass m of [x,y]. The 
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following lemma gives a more precise estimate. Similarly to Lemma 14.1.21 it is 
an immediate consequence of Lemma 3.4.4 (Bunch of geodesies) of \27^ applied 
to real-valued measured geodesic laminations. 

Lemma 6.1.6 For any compact set K in and any M > 0, there exists a con- 
stant C > with the following property. Let A = (i/, C, jj) he a measured geodesic 
lamination on a straight convex set H such that K (Z H and the total mass of any 
geodesic segment joining points in K is hounded hy M. For every x,y ^ K and 
every geodesic line I of C that cuts [x,y], let X he the unit infinitesimal positive 
generator of the hyperholic group with axis I and m he the total mass of [x, y] . 
Then we have 

\\(3x{x,y) - (exp(-m/2X),exp(m/2X))|| < Cmda{x,y) . 

(On PSL{2,m) X PSL{2,m) the product norm of the norm of PSL{2,R) is 
considered.) 

■ 

6.1.2 AdS bending map 

Take a base point Xq in H. The hending map of H with base point Xq is simply 

(fx: H 3 x^ (3x{xq,x)x. 

Proposition 6.1.7 The map (fx is a local isometric C° emhedding of H into 
X_i. 

Proof : By local isometric C° embedding, we mean a Lipschitzian map that 
preserves the length of the rectifiable paths (and in particular sends rectifiable 
paths to spacelike paths of X_i). 

Lemma l(j . 1 . 61 implies that (px is locally Lipschitzian. Take a rectifiable arc k 
of H parameterized in arc length and let n be the transverse measure on k. We 
claim that 

^^{^xok){t)=f3{xo,kit))k{t) (6.1) 

for almost every t (with respect the Lebesgue measure dt). From (jft.lj) it follows 
that the length of rectifiable arcs is preserved by (fx, so it turns to be a local 
C°-embedding. 

To prove the claim, take a point to- We can suppose that to lies in a bending 
line / (the other case being obvious). Moreover we can suppose that I is not 
weighted (in fact there are at most numerable many t such that k{t) G L^) 

By Lemma (6. 1.61 there exists a constant K such that 



mk{to),k{to + e)) - (exp(-m,Xi/2),exp(m,X,/2))|| < Km,e (6.2) 
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where we have put = /i([/c(to), ^(^o + ^)])- Now we have 

^xiHto + e)) = p{xo, k{to)) o (3{k{to), k{to + e))k{to + e) 
so we can write 

J {P{k{to), k{to + e))k{to + e) - k{to)) = 
^ {(3{k{to), k{to + e)) - (exp(-m,Xi/2), expKXi/2))) k{to + e) + 

- ((exp(-m,Xi/2), exp(m,X;/2)) - Id) k{to + e) + 

e 

^{k{to + e) - k{to)) . 

The first term on the right hand tends to because of ()6.2|1 (and the assumption 
that k{to) ^ Lw)- 

The last term converges to k{tQ). 

Finally, for almost every to the second term converges to 

-^{Xik{to) + k{to)Xi) 

where /i(to) is the derivative of with respect the Lebesgue measure. Deriving 
the identity exp(— tX;)A;(i(:o) exp(i(:X;) = kito) shows that the last quantity is 0. 
This proves that (jfj.lj) holds for almost every point. 



Remarks 6.1.8 (1) It turns out that the map ip\ is always injective onto an 
achronal set of X_i. This fact will follow as a corollary of the rescaling the- 
ory will describe in the next sections (see Proposition I6.3.15p . However, the 
reader could directly check it by proving that given x,y & H the transformation 
P+{x, y)I{y)P-{x, y)~^I{x) is a non trivial hyperbolic element of PSL(2, M) (that 
means that (p\{x), (p\{y) are joint by a non trivial spacelike geodesic segment). 

(2) Suppose H M.^ and consider the behaviour of (fx in a neighbourhood 
of a boundary component, say /, of H. If / is a weighted leaf then Px{xo,y) 
converges in PSL{2, M) as y goes towards I. Thus ifx extends to / and the image 
of / is a spacelike geodesic of X_i. If I is not weighted then property 4. implies 
that Px{xQ,y) is not convergent and (px does not extend on 1. On the other hand 
take a sequence of leaves In converging to I. There are three possibilities: either 
V'A(^n) converges to a spacelike geodesic (in the Hausdorff topology of X_i), or it 
converges to a segment (left or right) leaf of c?X_i, or it converges to a point of 
dX_i. In fact ii p,q E dM^ are the end-point of /, the limit of (fxiln) has end- 
points (in PSL{2,R) x PSL{2,R) = 9X_i) lim {p+{xo,yn)p, f3-{xo,yn)p) and 

n— >+oo 
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lim (/3+(xo, yn)(l, l3-{xo, yn)(l) where ?/„ is any point on Roughly speaking the 

n— >+oo 

difference among these cases depends on how fast the measure goes to infinity 
along a geodesic segment joining a point in if to a point on the boundary. In [22] 
some computations in this sense are given. 

6.1.3 AdS bending cocycle on Ux 

Let lA = lA^he the flat Lorentzian spacetime corresponding to A, as in Section 
13.51 Just as in the hyperbolic case we want to "pull-back" the bending cocycle 
[3x to a continuous bending cocycle 

(3x:UxU^ PSL{2, R) x PSL{2, M) . 

By using Lemma 16.1.61 we can prove the analogous of Proposition 14.1.31 The 
proof is similar so we omit the details. 

Proposition 6.1.9 A determined construction produces a continuous cocycle 
/3a : W(1) X W(l) PSL{2, M) x PSL{2, R) 

such that 

Pxip,q)=Px{Nip),Niq)) 

for p,q such that N{p) and N{q) do not lie on Lw Moreover, the map (3\ is 
locally Lipschitzian. For every compact subset K onlA{l), the Lipschitz constant 
on K depends only on the diameter of N{K) and the maximum of the total masses 
of geodesic path in H joining points in N{K). 

■ 

Finally we can extend the cocycle /3 on the whole U by requiring that it be 
constant along the integral geodesies of the gradient of the cosmological time T. 
In particular, if we set r(l,p) = r{p) + N{q) G W(l), $ satisfies 

/3(p,g) = /3(r(l,p),r(l,g)). 

Corollary 6.1.10 The map 

(3x:UxU ^ PSL{2, R) x PSL{2, M) 

is locally Lipschitzian (with respect to the Euclidean distance on U). Moreover, 
the Lipschitz constant on K x K depends only on N{K), the maximum of the 
total masses of geodesic paths of H joining points in N{K) and the maximum 
and the minimum of T on K. 

If ^ ^ on a e -neighbourhood of a compact set K of H, then Px„ converges 
uniformly to (3x on U{H;a,b) (that is the set of points inU sent by Gauss map 
on H and with cosmological time in the interval [a, b]). 
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6.2 Canonical AdS rescaling 

In this section we define a map 

such that the pull-back of the Anti de Sitter metric is a rescaling of the flat 
metric directed by the gradient of the cosmological time, with universal rescaling 
functions. We obtain in this way a globally hyperbolic spacetime V\. A main 
difference with respect to the Wick rotation map of Chapter 0] will be that the 
developing map A;^ is always an isometric embedding onto a convex domain of X_i. 
By definition, the maximal globally extension U^^ of Vx will be the corresponding 
AdS ^AC- spacetime (as in Section ll.Sp . 

Recall that to construct the hyperbolic manifold Mx in Chapter |3J we have 
constructed the bending map fx : H ^m^, noticed that fx is a locally convex 
embedding in tf, then Mx has been obtained by following the normal flow, that 
is the flow on obtained by following the geodesic rays normal to fx{H) in the 
non-convex side bounded by fx{H) (the flow on the convex side would produce 
singularities). Eventually the developing map Dx has been obtained by requiring 
that the integral lines of the cosmological times would be sent to the integral 
lines of the normal flow. 

In the same way (fx '■ H ^ X_i is a locally convex embedding (in fact an 
embedding), so the map A^ can be constructed by requiring that the integral 
lines of the cosmological time of W° are sent to the integral line of the normal 
flow. An important difference with respect to the hyperbolic case is that the 
normal flow is followed now in the convex side bounded by ^px{H) (otherwise 
singularities would be reached). 

For every p G we define x_(p) as the dual point of the plane (3x{po,p){P{Id)), 
and x+(p) = Px(yPo,p){N{p)). Thus let us choose representatives x_(p) and a;+(p) 
in SL(2, M) such that the geodesic segment between x_{p) and x+{p), is future 
directed. Let us set 

Ax{p) = [cost{p)x-{p) + sinr(p)a;+(p)] (6.3) 
where t{p) = arctanT(p) . 
Proposition 6.2.1 The map 

Ax : W° ^ X_i 

is a local -diffeomorphism. Moreover, the pull-back of the Anti de Sitter metric 
is equal to the rescaling of the flat Lorentzian metric, directed by the gradient of 
the cosmological time T, with universal rescaling functions: 

1.1 
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Figure 6.2: The domain V witli its decomposition. Also the surface P(a) is shown. 



Proof : To prove the theorem it is sufficient to analyze the map A;^ in the case 
when A is a single weighted geodesic. In fact, if we prove the theorem in that 
case, the same result will be proved when A is a finite lamination. The proof is 
completed in the general case by using standard approximations as in the final 
part of the proof of Theorem 14.2.21 

Let us set Aq = (/o,oo) and choose a base point po G — Iq. The surface 
P = ^p\{Il^) is simply the union of two half-planes P„and P+ meeting each other 
along a geodesic (that, with a little abuse of notation, is denoted by Iq). We can 
suppose that po is in P_, and Iq is oriented as the boundary of P_. If v± denote the 
dual points of the planes containing P± we have f _ = Id and f + = exp —qoXq, 
Xq being the standard generator of translations along Iq. By Remark 12.4.11 the 
vector Xq is tangent to P{id) along Iq, orthogonal to it, and points towards po- 

By definition , the image, say V, of Aq = A^o is the union of three pieces: 
the cone with vertex at f_ and basis P_, say the cone with vertex at and 
basis V+, and the join of the geodesic Iq and the segment say Q. 

Fix a point in /q, say po, and denote by vq the unit tangent vector of Iq at 
Po (that we will identify with a matrix in M(2,M)). Consider the coordinates on 
Uq, say {T,uX) introduced in Section With respect to these coordinates we 
have 

{sinr(ch^(ch-u Po + sh-u iiq) — sh^ Xq) + cosr {)_ if ^ < 
sin r(ch'u Po + sh-u fo) + cosrexp(— ^tanr Xo) ii(G[0,ao/T] 
sin T (ch C'(ch u po + shu Vq) — sh C'-^o) + cos r otherwise 

where C' = C ~ o-o/T, r = arctanT and po,v+,v^ G SL{2,'R) are chosen as 
in 



CHAPTER 6. FLAT VS ADS LORENTZIAN GEOMETRY 



122 



Clearly Aq is C°° for ( ^ ^^a^jT. A direct computation shows that the 
derivatives along the coordinate fields glue on C = and C = oq/T and this 
proves that Aq is C"*^. 

By a direct computation we have 

r -dr^ + sin^ r(dC^ + ch ^du^) if C < 
A*(r7) = <^ -dr^ + sin^ r(dC' + d«') if C e [0, ao/T] (6.5) 

y — dr^ + sin^ T(dC^ + ch ^(^'dw^) otherwise. 

1 

Since dr^ = and sin^r = — ■, comparing (j6.5|) with the expres- 



sion of the fiat metric given in ()4.8|) proves that Aq is obtained by a rescaling 
along the gradient of T with rescaling functions given in ()6.4j) . 

■ 

We denote by V\ the domain lA^ endowed with the Anti de Sitter metric 
induced by A^. In other words, we are considering A^ as a developing map 
for such an AdS structure; note that the smooth structure of V\ is only C^- 
diffeomorphic to the original one on lA^. 

Proposition 6.2.2 Let T be the cosmological time of the flat regular domain 
Then T-level surfaces are Cauchy surfaces ofV\ (hence it is globally hyperbolic). 
Moreover the function 

T = arctan T . 

is the cosmological time ofV\. Every integral line of the gradient of r is a geodesic 
realizing the cosmological time. 

Proof : The causal-cone distribution on V\ is contained in the fiat one of U. 
Thus, causal curves of V\ are causal also with respect to the fiat metric. Since 
U{a) is a Cauchy surface with respect to the fiat metric, it is a Cauchy surface 
also with respect to the Anti de Sitter metric. 

Let 7(t) denote a causal curve of Vx. Consider the orthogonal decomposition 
of its tangent vector 

7(t) = a{t)X{t) + h{t) 
where X is the gradient of T. The equalities 



a{tf {h{t)Mt))F 
Ads q + T(t)2)^ 1 + T(t)2 



imply 



(7W,7(t))Ad5 = -7^^F7IT^ + 
a{t) 

(TTtW) 



r'it) > ^- (7,7) 



AdS 
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so r is greater or equal to the cosmological time. On the other hand the length 
of a integral line of the gradient of r (that up to re-parameterization coincides 
with the integral line of the (flat) gradient of T) is just r. So r is equal to the 
cosmological time and the integral line of the gradient of r realizes it. 

The same computation shows that, up to re-parametrization, it is the unique 
curve realizing the cosmological time. The fact that it is a geodesic can be shown 
either by means of general facts (see [2]) or by looking at the developing map. 



6.3 Maximal globally hyperbolic AdS spacetimes 

We introduce here the so called "standard" AdS spacetimes and we study their 
geometry. Finally we will show that the class of simply connected maximal 
globally hyperbolic AdS spacetimes that contain complete Cauchy surfaces does 
coincide with the class of standard ones. Proposition 16. 3. 91 will be a key point of 
our discussion. 

Proposition 6.3.1 Let Y be an Anti de Sitter simply connected spacetime, and 
F C Y be a spacelike Cauchy surface. Suppose the induced Riemannian metric 
on F is complete. Then the developing map Y —>■ X_i is an embedding onto a 
convex subset o/X_i. 

The closure of F in Xq is a closed disk and its boundary dF is a nowhere 
timelike curve ofdX_i. 

If Y is the maximal globally hyperbolic Anti de Sitter spacetime containing 
F then Y coincides with the Cauchy development of F in X_i. The curve dF 
determines Y , namely p eY iff the dual plane P{p) does not meet dF. 

Conversely dF is determined by Y , in fact dF is the set of accumulation 
points of Y on c}X_i. If F' is another complete spacelike Cauchy surface of Y 
then dF' = dF. 

The proof of this proposition can be found in Section 7 of Notice however 
that by "Cauchy development" of a surface we mean the interior part of its 
"domain of dependence" in the sense of Mess. 

Remark 6.3.2 When H = M^, then the first claim in Remarks 16. 1.81 also follows 
from the above proposition. 

Since the T-level surfaces in W° are complete, then also the r-level surfaces in 
V\ are complete, so the above proposition does apply. Hence we have: 

Corollary 6.3.3 is a -homeomorphism of U^, hence an isometry of V\, 
onto a open convex domain in X_i. 

For simplicity we will confuse V\ with its isometric image in X_i via A^. 
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6.3.1 Standard AdS spacetimes 

Given a nowhere timelike simple closed curve C embedded in 9X_i its Cauchy 
development is defined as 

y{C) = {p\dPip) n C = 0} 

When C is different from a (left or right) leaf of the natural double foliation of 
dX-i (that it is a so called admissible achronal curve), then y{C) is also called 
a (simply connected) standard AdS spacetime, and C is its curve at infinity. We 
collect some easy facts about standard spacetimes. 

1. As C is a closed nowhere timelike curve in the boundary of X_i different 
from a leaf of the double foliation of 9X_i, then it is homotopic to the meridian 
of 9X_i with respect to X_i. 

2. There exists a spacelike plane P not intersecting it (see Lemma 5 of |43j). 
In the Klein model we can cut W'^ along the projective plane P containing P and 
we have that y{C) is contained in M'^ = P'^ \P. Since C is nowhere timelike then 
for every point p E C the plane P{p) tangent to 9X_i at p (that cuts X_i in a 
null totally geodesic plane) does not separate C . It follows that the convex hull 
/C(C) of C in is actually contained in X_i. 

3. Support planes of /C(C) are non-timelike and the closure y{C) of y{C) 
in X_i coincides with the set of dual points of spacelike support planes of /C(C) 
whereas the set of points dual to null support planes of /C(C) coincides with C. 

4- y{C) is convex and the closure of y{C) in X_i is y{C) U C. It follows 
that /C(C) c y{C). A point p G dlC{C) lies in y{C) if and only if it is touched 
only by spacelike support planes. 

We call /C(C) the convex core of y{C). 

6.3.2 The boundary of the convex core 

By general facts about convex sets, dK{C) U C is homeomorphic to a sphere (in 
fact it is the boundary of a convex set in M^). In particular dlC{C) (that is the 
boundary of /C(C) in X_i) is obtained by removing a circle from a sphere, so 
it is the union of two disks. These components will be called the past and the 
future boundary oi /C(C), and denoted 9_/C(C) and c}+/C(C) respectively. In fact 
given any timelike ray contained in }C{C), its future end-point lies on the future 
boundary, and the past end-point lies on the past boundary. 

By property 4- 9+/C(C) fl y{C) is obtained by removing from 9+/C(C) the 
set of points that admits a null support plane. Now suppose that a null support 
plane P passes through x G d+}C{C). The set P fl /C(C) turns to be the convex 
hull of P n C. Now, P n c?X_i is the union of the left and the right leaves passing 
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through the dual point x{P). Since P does not separate C, C is not a leaf of the 
double foliation of 9X„i, C is achronal, the only possibility is that C ft P is the 
union of a segment on the left leaf through x{P) and a segment on the right leaf. 
Thus P n /C(C) is a triangle with a vertices at two ideal edges (that are 

segments on the leaves of the double foliation of (9X_i and a complete geodesic 
of /C(C) (that is a bending line). 

It follows that the set d+lC{C) fl y{C) is obtained by removing from 9+/C(C) 
(at most) numerable many ideal triangles, so it is homeomorphic to a disk. More- 
over the only case for 9+/C(C) fl y{C) to be empty is that it is formed by two null 
triangles, that is the case when the curve C is obtained by joining the end-points 
of a spacelike geodesic / with the end-points of its dual geodesic /*. Notice that 
in that case y{C) = /C(C), we call it the degenerate standard spacetime, H-i- It 
could be regarded as the analogous of the future of a line in Minkowski context. 
We postpone the analysis of this case to Chapter [7| 

So, from now on, standard spacetimes are assumed to he not degenerate. More- 
over, since we will be mainly interested in 9+/C(C) fl y{C), from now on we will 
denote d+]C{C) that set by (with a bit abuse of notation). When there is no 
ambiguity on the curve C, we will denote only by /C and y the convex core and 
the Cauchy development of C. 

Proposition 6.3.4 d^JC is locally -isometric to . 

Proof : Let c be a small arc in containing x that intersects every bending 
line in at most one point and every face in a sub-arc. Take a dense sequence x„ 
on c such that Xi = x, and for every n choose a support plane P„ of d+K at Xn- 
For every n let Sn be the future boundary of the domain obtained intersecting 
the past of Pi in X_i \ P{x) for i = 1 . . .n. It is easy to see that Sn is a finitely 
bent surface. In fact if ordered set of points on c then it is easy to 

see that Pi fl Pj and Pj fl Pk are geodesies of Pj (if non-empty) that are separated 
by the face (or bending hne) Pj fl 

Now for any n we can choose an isometry Jn : Sn ^ that is constant 
on (9+/C n Pi. Moreover the bending locus on Sn produces a measured geodesic 
lamination A„ = {Cn, l^n) on H^. 

We claim that for every geodesic arc k the total mass a„ of k with respect 
to decreasing function. The claim follows from Lemma 16.3.51 that is the 

strictly analogous of Lemma 1.10.1 (Three planes) of ^27]. We postpone the proof 
of the Lemma (and the claim) to the end of this proof. 

By the claim we see that A„ converges to a measured geodesic lamination A 
on H^. In particular, the bending map (fx^ converges to (fx. 

Since (px„ is the inverse of J„ we see that ^^^(IHI^) contains all the faces and 
the bending lines of passing through c. The union of all this strata is a 
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neighbourhood U of d+IC, and we have proved there exists an open set V on 
such that fxiV) = U. By Proposition 16 . 1 . 7l we know that (p\ is an isometry. 

■ 

Lemma 6.3.5 Let Pi, P2, P3 be three spacelike planes in X_i without a common 
point of intersection, such that any two intersect transversely. Suppose that there 
exists a spacelike plane between P2 and P3 that does not intersect Pi. Then the 
sum of the angles between Pi and P2 and Pi and P3 is less than the angle between 
P2 and P3 . 

Proof of Lemma \6. 3. 51 Denote by Xj the dual point of Pj. The hypothesis 
imphes that segment between Xi and Xj is spacehke, but the plane containing xi, 
X2 and X3 is non-spacelike. The existence of a plane between P2 andPs implies 
that every non-spacelike geodesic starting at xi meets the segment [0:2, x^]. Thus 
there exists a point u G [0:2, X3] and a unit timelike vector v G T„X_i orthogonal 
to [x2,X3], such that xi = exp„(tt>). Choose a lift of [x2,X3], say [£2, 2:3], on 
S'L(2,M) and denote by u the lift of u on that segment. Denote by h (resp. I2, 
I3) the length of the segment [x2,a;3] (resp. [xi,X3], [xi,X2]). We have that 

ch/i = I {xj,Xk) I 

where {i,j, k} = {1, 2, 3}. Now we have that xi = cost -u -|- sint -0 so that 
i) I = cost| {u,Xi) \ . Hence 

ch/2+ < ch/2 ch/3 < ch/3 

where I2 and ^3 are the lengths of [x2,'u] and [x3,m]. Finally we have ^2 + ^3 < 
^2 + ^3 = ^1- 

■ 

Remark 6.3.6 If (9+/C is complete then it is isometric to ISP and the bend- 
ing lamination gives rise to a bending lamination of H^, say A, such that d+K. 
coincides with the image of (px. 

In general d+JC is not complete even if the curve C does not contain any 
segment on a leaf (C can be chosen to be the graph of a homeomorphism of S^ 
onto itself), see 16. 6. 5| for an example. 

We will show that is isometric to a straight convex set, if, of and 
the bending lamination on it gives rise to a bending lamination on H, say A, such 
that d+JC coincides with the image of ipx- The proof is based on the rescaling of 
Theorem 16.2.11 and we are not able to prove it by a direct argument . 
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6.3.3 The past part of a standard spacetime 

The past part V = V{C) of a standard AdS spacetime y{C) is the past in y{C) 
of the future boundary (9+/C of its convex core. The complement of (5+/C in the 
frontier of V{C) in X_i is called the past boundary of 3^(C), denoted by d-V. 

Proposition 6.3.7 Let V he the past part of some yiC). Then V has cosmo- 
logical time r and this takes values on (0,7r/2). For every point p E V there exist 
only one point p^{j>) G dJP, and only one point p+{p) G dj^K, such that 

1. p is on the timelike segment joining p-{p) to p+{p)- 

2. t{p) is equal to the length of the segment 

3. the length o/ [p_(p), is Ti/2. 

4. P{p_{p)) is a support plane for V passing through p+ip) and P{p+{p)) is a 
support plane for V passing through p_ (p) . 

5. The map p i— >• p-{p) is continuous. The function r is and its gradient at p 
is the unit timelike tangent vector grad r(p) such that 

expp (T(p)gradT(p)) = . 

Proof : For p e X_i denote by G'^{p) (resp. Q~{p)) the set of points related to 
p by a future-pointing (resp. past-pointing) timelike-geodesic of length less than 
7r/2. Given p e P it is not hard to see that 

iUp) = <3^ip) n V Vpip) = g-{p)r\v. 

For every q G the Lorentzian distance between p and g in P is realized by 

the unique geodesic segment joining p to g in V. 

Given p e 7^, as the dual plane P{p) is disjoint from /C = /C(C), it is not 
hard to see that G^{p) H (9+/C is a non-empty prc-compact set. So there exists a 
point p+ip) on d+K which maximizes the distance from p. For each a e (0,7r/2) 
consider the surface 

IH[p(a) = {ex^p{av)\v future-directed unitary vector in rpX_i} 

It is strictly convex in the future and the tangent plane at g G Hp (a) is the plane 
orthogonal to the segment [p, q] contained in (p) (these facts can be proved 
directly or by means of the Lorentzian version of the Gauss Lemma in Riemannian 
geometry). Since the set of points in Q^{p) with assigned Lorentzian distance 
from p is a strictly convex in the future surface and d+K, is convex in the past it 
follows that p+(p) is unique and the plane passing through p+(p) orthogonal to 
the segment [p, p+(p)] is a support plane for dK,. 

The point P-{p), dual point of this plane, is contained in the past boundary 
of y. The dual plane of p+(p) is a support plane of y passing through p-{p): in 
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fact for q G P{p+{p)) we have that p+{p) e P{q), dP{q) nC ^ 0, so q ^ y. It 
follows that the cosmological time at p+{p) is exactly 7i/2. Thus the cosmological 
time of p is the length of [p-{p),p]. 

If Pn is a sequence converging to Poo in 'P we have that the sequence (p+(p„)) 
runs in a compact set of d+JC: indeed if we choose q G Ip(poo) then p+{pn) G 
Q~^{q) ndJC that is a compact set. Since the limit of any converging sub-sequence 
is p+(poo), P+{pn) converges to p+(poo)- Thus, p+ is continuous and so is p_. 

Finally given a point p there exists a neighbourhood U of p that is con- 
tained in G^{p-{q)) and in y{dP{p-^-{p))). Denote by ti the Lorentzian distance 
from p-{q) and by T2 the Lorentzian distance from P{p^{p)): they are smooth 
functions defined on U. Moreover we have 

Ti(q') < T{q) < T2{q) for all q E U 
n{p) = r{p) = T2{p) 
gradri(p) = gradr2(p) = Vq 

where Vq is the unit timehke vector at p such that exppT{p)vo = P-{p)- It follows 
that r is different iable at p and Vt{j>) = vq. 

■ 

Summing up, given the past part P of a standard AdS spacetime y{C), we 
have constructed 

The cosmological time r : "P (0, 7r/2). 
The future retraction : V ^ d+IC. 
The past retraction p_ : P — > d^V. 

Corollary 6.3.8 1. Given r in the past boundary of y, pZ^{r) is the set of 
points p such that the ray starting from r towards p meets at time 7c/2 the future 
boundary of K. 

2. The image of p^ is the set of points of d-V whose dual plane meets C at least 
in two points. 

3. The image of p+ is the whole d+JC. 

Proof : Point 1. follows from points 4. and 5. of Proposition 16.3.71 It, in turn, 
implies point 3. Moreover the image of p_ turns to be the set of points of d-V, 
whose dual plane is a support plane of K. touching Given p G d^V, its dual 

plane, P{p), meets C (otherwise p would lie in 3^). On the other hand, since p 
is limit of points in 3^, P{p) does not intersect the interior of /C. Thus, P{p) is 
a support plane of K. and P{p) fl /C is the convex hull of P{p) fl C. Since p lies 
on the past boundary, P{p) does not intersect 9_/C. Thus, it contains points of 
iff P{p) n C contains at least two points. 
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The image of the past retraction is called the initial singularity of y{C) . 

Proposition l(i.3.l1 ensures that a simply connected maximal globally hyperbolic 
Anti de Sitter spacetime containing a complete Cauchy surface is a standard 
spacetime. We are going to show that also the converse is true, that is every 
spacetime y{C) contains a complete Cauchy surface. 

Proposition 6.3.9 IfV is the past part ofy{C) then every level surface V{a) 
of the cosmological time is complete. 

Remark 6.3.10 The same result has been recently achieved by Barbot (6j(2) 
with a different approach. 

Since the proof of Proposition 16. 91 is quite technical we prefer to give first the 
scheme. Let us fix po G V{a): we have to prove that the balls centered at po are 
compact. Given a point p G V{a) there exists a unique spacelike geodesic in X_i 
joining po to p. Denote by ^{p) the length of such a geodesic. We will prove the 
following facts 

Step 1. ^ is proper and ^{p) +oo for p oo; 

Step 2. If c is a path in 'P(a) joining pq to p then the length of c is bigger than 
M^ip) where M is a constant depending only on a. 

The proof of Step 1. is based on the remark that the dual plane of po is disjoint 
from the closure of V{a) in X_i so the direction of the geodesic joining po to p 
cannot degenerate to a null direction. 

Step 2. is more difficult. We prove that the second fundamental form of 'P(a) is 
uniformly bounded by the first fundamental form. By using this fact we will be 
able to to conclude the proof. 

Before proving the proposition let us just recall how the second fundamental 
form is defined: 

Given a spacelike surface S" in a Lorentzian manifold M denote by the 
future-pointing unit vector on S. Then the second fundamental form on S" is a 
symmetric bilinear form defined by 

II{x,y) = {V.N,y) 

where V is the Levi-Civita connection on M. It is symmetric, and V^A^ G TpS 
for every x G TpS. 

Lemma 6.3.11 Let II denote the second fundamental form on V{a) then we 
have ^ 

II{x, x) < (x, x) 

tana 

for every x G TpV{a) and p G V{a). 
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Proof : Let us fix po G V{a) and set tq = p_(po)- The set U := Q^{ro) fl V{a) is 
a neighbourhood of po in 'P(a) and for every p & U there exists a unique timehke 
geodesic contained in Q^^tq) joining tq to p. Denote by a{p) the length of such 
a geodesic. By definition we have that < a{p) < t{p) = a and a{po) = a so a 
takes a maximum at Pq. Equivalently the function 

h{p) = coscr(p) 

takes a minimum at Pq so grad h{pQ) = and the symmetric form 

u : TpgV{a) X Tp^V{a) 3 {u,v) ^ (V„grad /i, i;) 

is positive semi-definite. On the other hand by looking at the exponential map 
in X_i, it is not difficult to see that 

Hp) = - {P^ ro) 

where (■, ■) is the form on M(2,R) inducing the Anti de Sitter metric on X_i. It 
follows that the gradient of h on V{a) is given by 

grad h{p) = -Tq - (ro, p) p - (ro, A^) N 

so we have 

uj{u, u) = - (ro, Po) (m, v) - (ro, N{po)) II{u, v) 
Since N{po) is the tangent vector at po to the geodesic joining ro to po we have 

Po = cos a ro + sin a no 
N{po) = — sin a ro + cos a no- 

By using these equalities we get 

u!{u, u) = COS a {u, u) — sin a II{u, u) . 



Remark 6.3.12 The surface V{a) is C^'^ so its second fundamental form is 
defined almost every-where. Anyway the inequality proved in the Lemma holds 
in each point on which II is defined and this will be sufficient for our computation. 

Proof of Proposition W.3 . iA : First let us prove step 1. Suppose by contradiction 
that we can find a divergent sequence Pn G Vi^a) such that Hpn) is bounded by A. 
Since Pn = exp^^ i{pn)vn with = 1 we obtain that f„ diverges. So up to a sub- 
sequence the direction of f „ tends to a null direction. It follows that the geodesic 
c„ joining po to p„ converges to a null direction with end-point p^o = limp^. We 
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have that p^o G V{a) nP(po) and this is a contradiction because V{a) = CUV{a) 
and by definition C H P{po) = 0. 

On V{a) the function g{p) — — ch^(p) = (p,po) is C^'^, proper and has a 
unique maximum at po. It follows that if c{t) is a maximal integral line of grad g 
defined on the interval (a, b) then 

lim c{t) — Po . 

Now we claim that there exists K such that 

(grad ^, grade/) < X(c/^ - 1) . 

Let us first show how the proof of Step 2. follows from the claim. If c{t) is any 
arc in Vi^a) joining pq to p we have 



so from the claim we get 



(grad ^, A) 



Cip) < jK^'^\x\^K^'''l{c) 



Finally let us prove the claim. By an explicit computation we have that 

gradt/ = -(po + gip)p + {N,Po) N) 

and 

(grad 5f, grader) = g"^ ~l + {N,pof . 
We see that it is sufficient to show that the function 

f{p) = {N{p),po) 

is less that H[g{p) — 1) for some H > 0. The function g{p) = — ch^(p) is Lipschitz, 
proper and has a unique maximum at po- It follows that if c : t^) — > V{a) is 
a maximal integral line of grad g passing through p then 

lim c(t) = Po ■ 
t-^t- 

Now consider the integral line c passing through p and compare the functions 
f{t) = f{c{t)) and h{t) = g{c{t)) - 1. We have that 

lim fit) = lim g{t) = 0. (6.6) 
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On the other hand we have 



g = {gi&d g,c) = (grad5(,grad5() . 



1 



(grad5(,grad5() 



tana 



Since f(t) < 



1 



g{t) by we can argue that 



tana 



f{p)< 



1 



tana 



Corollary 6.3.13 For every level surface V{a) of the past part V of a standard 
AdS spacetime y{C): 

(1) V{a) is a complete Cauchy surface ofy{C) and this is the maximal globally 
hyperbolic AdS spacetime that extends V; 

(2) T extends to the cosmological time ofy{C), that takes values on some 
interval (0,ao(C)), for some well defined 7i/2 < ao(C) < tt. 

Proof : For (1) it is sufficient to show that every inextensible null ray contained 
in y{C) intersects V{a). Let / be a null ray passing through x G y{C) that does 
not intersect V{a). Since P(a) is a compression disk of X_i, either / intersects 
V{a) or the dual point of I hes on C . Since the dual point of / lies on the dual 
plane of x the last possibihty cannot happen. 

For (2), since there exists a plane that does not intersect 3^(C), its cosmo- 
logical function is a finite- valued function (actually it takes values in (0,7r)). 
Moreover, by (1) every inextensible causal curve intersects V. So the cosmologi- 
cal function converges to along the past side of any inextensible causal curve. 
Thus it is the cosmological time (see Section IT^ . The value 7r/2 is taken on the 
future boundary of the convex core of y{C) (that is also the future boundary of 
V). It follows that r is C^'^ on "P but not everywhere. 

■ 

The following corollary is a consequence of Propositions 16.3.11 and 16.3.91 

Corollary 6.3.14 The correspondence 



induces a bisection between the set of admissible achronal closed curves of (9X_i 
(up to the action of PSL[2, M.) x PSL{2, M) ) and the set of simply connected max- 
imal globally hyperbolic Anti de Sitter spacetimes containing a complete Cauchy 
surface (up to isometrics). 



c ^ y{C) 
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Let us go back to the AdS A^£-spacetimes V(x^- '^^^ ^'^^ clarify the 
geometry of the embedding of Vx. 

Proposition 6.3.15 Let U = be a flat regular domain, Vx be the Anti de 
Sitter spacetime obtained by the canonical rescaling of U (see Theorem \6.2.1\] . 
and y = U^^ be the A4.C AdS spacetime that extends Vx- Then Vx coincides 
with the past part Vofy. 

Proof : Notice that the developing map A of Vx can be written in the following 
form 

A : Vx ^ p ^ [cost{p)x-{p) + sin r(p)x+(p)] G X_i where 
t{p) = arctanT(p) 
x-{p) = (3{pQ,p){Id) 
x+{p) = P{po,p){N{p)) 

(we have considered the standard identification P{Id) = described in Chap- 
ter 12). 

Since P{p,q) = Id if and only if r{p) = r{q), a cocycle is induced on S that 
will be denoted by (3 as well. In particular the map A can be extended on S by 
setting A(s) = p{ro,s){Id). 

We claim that A(s) lies on the initial singularity of 3^ for every s e S. To 
show that A(s) does not lie in 3^, it is sufficient to check that Q~^{A{s))r\A(Vx{i)) 
is not pre-compact. On the other hand this set is bigger than 

e*{A{s)) n A(P,(l)nr'i(s)) = 

(where J-'{s) = N{r~^{s)) is the stratum of H corresponding to s, see Section 
I3.3|) that is not pre-compact in X_i. Since A(Vx) C y the image of S turns to 
be contained in the past boundary of y. 

Denote by C the curve at infinity of y (that coincides with the set of accumu- 
lation points of the image of A on the boundary). From equation ()6.7|) we may 
deduce that C ndP{A{s)) contains P{ro, s){doo^is)) so, by Corollarv l(i.3.8| A(s) 
lies on the initial singularity of y and P(A(s)) fl d+K. contains /9(ro, s)(jF(s)) = 
V?a(^(s)) (where ipx '■ H ^ X_i is the bending map). 

For p & Vx, the integral line of the gradient of T is sent by A onto the geodesic 
segment c joining A{r{p)) to (fx{N{p)). From Corollarv 16.3.81 the cosmological 
time of A{p) (as point in 3^) coincides with r and we have 

peV 

p_(A(p)) = A(r(p)) 
p+(A(p)) = MN{P)) ■ 
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So for every a G (0, 7r/2) the developing map induces a local isometry 

A„ : Vxia) Via) . 

Since Vx{a) is complete is an isometry (in particular injective and surjective). 
Thus A is an isometry on V. 



Corollary 6.3.16 Let A = {H,C,fi) G AiC. Then the bending map (p\ : H 
X_i is an isometry onto the future boundary of the convex core of y = U^^ . 



6.4 Classification via AdS rescaling 

We have a map that associates to every flat regular domain (hence to every 
A = {H,C,fi) G AiC) a simply connected maximal globally hyperbolic AdS 
spacetime (that is a standard one): 

We are going to show that such a correspondence is bijective. In particular we 
will show that given the past part V of any standard Anti de Sitter spacetime 3^, 
the rescaling along the gradient of the cosmological time t oi V with rescaling 
functions 

a = /3 = -\- (6.8) 

cos"^ r cos* r 

produces a regular domain and this makes the inverse of the previous one. 

In fact, it is immediate that such a rescaling performed on V\, actually recov- 
ers the original regular domain lAx- In other words, we see that the above map 
is injective. Moreover, the future boundary of the convex core of the standard 
spacetime y\ is isometric to the image of the Gauss map of lA^ via an isometry 
that sends the bending locus to the measured geodesic lamination A. 

Conversely, by inverting the construction, we have that the past part V of any 
standard spacetime y is obtained by the canonical rescaling on a regular domain 
iff the future boundary of its convex core is isometric to a straight convex set 
pleated along a measured geodesic lamination. Hence, in order to prove that our 
favourite map is also surjective we have to show that this fact always happens. 

The A4.C{M?) case. This is easy to achieve in the particular case such that the 
future boundary is complete. In fact, the following Proposition is a consequence of 
Remarks I6.1.8( 16.3.21 and 16.3.61 fand all the already established facts). This also 
establishes the characterization of AdS AAC{M?)-spacetimes given in Proposition 
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Proposition 6.4.1 A standard AdS spacetime y is obtained by the canonical 
resettling of a regular domain with surjective Gauss map if and only if the future 
boundary of the convex core of y is complete. 

Before going on, we will check that the class of standard AdS spacetimes verifying 
this property is large. 

Proposition 6.4.2 Let C he a no-where timelike curve in the boundary of Anti 
de Sitter space and /C denote its convex hull in X_i. Suppose the set of spacelike 
support planes touching d^)C to be compact, then d+K. is isometric to tf. 

In order to prove this proposition we need the following technical lemma: 

Lemma 6.4.3 There exists a timelike vector field X on X_i such that 

1. It eoctends to a timelike vector field on X_i. 

2. The metric gx obtained by Wick rotation along X is complete. 

Proof : Consider the covering 

^ ^ \^ y - ^cosA ^smX - X J ^ ' ^ 

Q 

where we have set f = \/l + x"^ + y'^. Let us put X = ——. It is not difficult to 
-> V a ^ dX 

see that 

XiA) = ^^' + ^0^ 

where 

^0 = ( ° ^ ) . (6.9) 

In particular X{A) extends to a timelike vector field on the whole X_i. 

By an explicit computation it turns out that the Anti dc Sitter metric takes 
the form 

t2ix2 , {1 + y^)dx'^ + xydxdy + {1 + x'^)dy^ 
-e dA + . 

The horizontal metric is independent of A; moreover, it is a complete hyperbolic 
metric. This can be shown either by noticing that the surface {A = ^o} is the 
dual plane to the point with coordinates x = 0, 7/ = 0, A = 7r/2 — 6*0 or by noticing 
that with respect to the parametrization of given by 

3 {x,y) ^ {x,y,^{x,y)) G Xq 

the hyperbolic metric takes exactly the form written above. 
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Eventually gx take the form 

^^{x,y)d'^X + gm{x,y) . 

Now if c{t) = {x{t),y{t), X{t)) is an arc-length path defined on [0, a) we have to 
show that c{t) can be extended. Since gm is complete there exist 

x{a) = limx(t) y{a) = limy{t) . 

t^a t—>a 

On the other hand since |A| < 1 there exists 

A(a) = limA(t) . 



Proof of Proposition \6.4-^ Let X be the field given by Lemma 16.4.31 and for 
every v G rX_i denote by vy the projection of v along X and vh the projection 
on X~^. If V is spacelike let us define 



Now we claim that given a compact set of spacelike planes, say Q, there exists a 
constant M < 1 (depending only on Q and X) such that 

r]{v) < M 

for every v G TP for P E Q. 



We can quickly conclude the proof of the proposition from the claim. Indeed 
let Q denote the family of support planes for and M be the constant given by 
the claim. Denote by gx the Riemannian metric obtained by the Wick Rotation 
along X. If c is a rectifiable arc contained in (9+/C we have that (c, c) > (1 — 
M^)/(l + M'^)gx{c, c). This inequality implies that the pseudo-distance on d+JC 
is a complete distance. 

So in order to conclude it is sufficient to prove the claim. First let us fix a 
plane P: we are going to prove that 

M(P) = snp{ri{v)\v G TP} 

is less than 1. Since ri{\v) = rj{v) we can suppose (f , v) = 1. If we set ^(f ) = \vv\ 
we have //(f) = + ^(^)^- So we have to show that the there exists 

K = K{P) such that 

i{v) < K 
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for every v G TP with |f | = 1. 
Consider the following function 



H : (M(2x2,M)\{0})xs[(2,M) 3 {A,Y) 



{AY,AXo + XoA) 



-{AXo + XoA, AXo + XoAf^ 
where Xq is as in 16.91 The following are easy remarks: 

- It is well-defined because {AXq + XqA, AXq + XqA) is equal to — (a^ + 6^ + + 

- it is homogenous in A so it induces a map : x sl(2, M) ^ IR>o; 

- if A G P and X G sl{2, R) then ^(AX) = H{A, X). 

Now it is not hard to see that there exists a spacelike subspace Tq of s[(2, R) such 
that 

TaP = ATo 

for every A G P so we can set 

K = snp{H{A,X)\A G P,X G UTq} < +oo . 

where UTq is the set of unit vectors in Tq. 

Since M{P) continuously depends on P the claim is proved. 

■ 

General case. Let us turn now to a general standard spacetime 3^. We will deal 
with it by the following steps: 

(i) we first prove that the rescaling on V directed by the gradient of r with 
rescaling functions given in ()6.8|) produce a fiat spacetime; 

(ii) then we show the so obtained spacetimes is a maximal globally hyperbolic 
fiat spacetime with cosmological time. Hence, it is a regular domain thanks to 
the results of Chapter IHl 

Given two standard AdS spacetimes y and y', with past parts V and V', 
we say that y,y' are "locally equivalent around p E V and p' G V" if there 
exists a neighbourhood U of p in "P and an isometric embedding of U onto a 
neighbourhood U' of p' in V' that preserves the cosmological time. 

Since the first step (i) is a local check, thanks to Proposition 16.4. ![ in order 
to get it in general it is enough to show the following proposition. 



Proposition 6.4.4 Let y be a simply connected Anti de Sitter standard space- 
time and p be in the past part V of y. Then there exists a standard Anti de 
Sitter spacetime y' and p' in its past part V' , such that such that y and y' are 
equivalent around p and p' , and the future boundary of the convex core of y' is 
complete. 
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Proof : We can distinguish two cases: either there exists a null support plane 
passing through p+{p) or there exists a neighbourhood U of p+(p) such that 
support planes touching U are spacelike and form a compact set Q{U). 

First consider the latter case. Consider a small compact arc k G U passing 
through p and intersecting transversally every bending line of S+ZC at most once. 
Denote by Q the set of support planes touching k and define 



It is not hard to see that the boundary of C in X_i \ P{p^{p)) is a connected 
achronal surface d^C satisfying the following properties. 

1. It does not contain vertex (which means that coincides with the future bound- 



2. The support planes of C touching d^C are in Q. 

3. Every face or bending line intersecting k is contained in d^C. In particular 
there exists a neighbourhood U' of p+{p) in d+JC contained in d+C. 

From Proposition 16.4.31 we have that d+C is complete so Coo is a closed no- 
where timelike curve. Denote by V' the past part of the Cauchy development of 
Coo- The future boundary of V' is d+C. If we denote by p'^ the future retraction 
on V' we easily see that p'^^{U') = (p+)^^(f^') = V and p+ = p'_^_ on V. It follows 
that V and V' are locally equivalent around p. 

Suppose now that only one null support plane Pq passes through p+{p). De- 
note by Pi the spacelike plane orthogonal to the segment [p, p+{p)] at p+{p). 
Since (9+/C does not have vertices we have that I = P^H Pi is contained in (9+/C. 
On the other hand, the point dual to Pq is contained in C too. Then d^K con- 
tains a null triangle bounded by /. Take a spacelike plane Q between Pq and Pi 
and consider the surface S obtained by replacing Pq fl d^K with the half-plane 
bounded by / in Q. dS is a no- where timelike curve in the boundary and consider 
its domain hi'. It follows that S is the future boundary of its convex hull. So p is 
contained in U' and {pM) and (p, W) are locally equivalent. Moreover, no null 
support plane passes through p^{p). 

Finally suppose that two null support planes Pi,P2 pass through p+{p) then 
we see that is the union of two null triangles respectively lying on Pi and 
P2 and bounded by Pi fl P2. So V is n_i (see Chapter [7j). 

■ 

So we know now that the rescaling of the past part V of any standard AdS 
spacetime y, directed by the gradient of its cosmological time with rescaling 
functions (j6.8|) yields a flat spacetime. It remains to prove that this is in fact a 
regular domain. The key point to prove this fact is the completeness of the level 
surfaces V{a) of the cosmological time. 




ary of the convex hull of C^ 



00 



d^C^-'\d^C). 
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Theorem 6.4.5 For every standard AdS domain y = y{C), the reseating of its 
past part V , directed by the gradient of the cosmological time t, with universal 
rescaling functions 

a = A^ P = -^ (6.10) 

cos^ r cos^ r 

produces a regular domain, whose cosmological time is given by the formula 

T = tan r . 

Proof : Denote by the flat spacetime produced by such a rescahng of V 
By a computation like that one in Proposition 15.2.61 we can prove that the 
cosmological time of is given by 

T{p) = tanr(p) . 

and the level surfaces V^{a) are Cauchy surfaces. Consider the developing 
map 

L> : P° ^ Xo . 

Since V'^(a) = — -Pfarctana), Proposition 16.3.91 implies that V^la) 

cos^(arctana) 

is a complete surface. Then D is an embedding. Denote by U the domain of 
dependence of P°(l) in Xq. 

For every p in the initial singularity of V let us consider the set U = pZ^{p)- 
Up isometrics of Xq we have that D{U fl V{ti /A)) is a straight convex set in 
(with respect to the standard embedding of into X_i). So ^ W (indeed 
I'''(0) n'P°('7r/4) is not bounded) and there exist at least 2 null rays starting from 
disjoint from V^il). 
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It follows that W is a regular domain containing V . Moreover, the image of 
D{U) via the retraction of U is 0. Thus T coincides with the restriction of the 
cosmological time t on U. The inclusion -^14 gives rise to a locally isometry 

Da:V\a)^U{a) 

since P°(a) is complete Da is an isometry. So the map 

D:V 

is surjective. 



6.5 Equi variant rescaling 

Let y be a maximal globally hyperbolic flat spacetime containing a complete 
Cauchy surface and equipped with cosmological time. By Theorem 11.4.41 there 
exists a discrete group F < PSL{2, M) and an invariant measured geodesic lam- 
ination A defined on some straight convex set H such that Y = Y{X,r). By 
Theorem 16.2.11 the space obtained by a rescaling along the gradient of the cos- 
mological time of Y with rescaling functions given in ()6.4|) is a maximal globally 
hyperbohc AdS spacetime, that is denoted by Y~^ = F~^(A,r). 

As in Section l^^ we can easily compute the holonomy h^^^^ : F PSL{2, M) x 
PSL(2, R) of Y^^. Indeed if Xq € if is a base point then for every 7 G F then 

= /5;^(xo,7Xo) o (7,7) . 

Conversely if f/ is a maximal globally hyperbolic Anti de Sitter spacetime 
containing a complete Cauchy surface, then by Proposition 16.3.91 its universal 
covering is a standard spacetime. 

Thus U has cosmological time, r, taking values on (0, a) with 7r/2 < a < tt. 
Moreover r is C^ on P = r"^(0,7r/2), and by Theorem IHXHl the space obtained 
by rescaling P along the gradient of r with functions given in I6.1UI is a maximal 
globally hyperbolic flat spacetime. 

Theorem 11.7.11 is now completely proved. 

Co compact case Mess [12] proved that the holonomy of any globally hyper- 
bolic Anti de Sitter spacetime containing a closed surface S of genus > 2 is 
given by a pair of Fuchsian representations of vri(S). 

Conversely, given a pair of Fuchsian representations of 7ri(E), say (h^,h+), 

there exists an orientation preserving homeomorphism of EI = U 5*^ which 

2 

conjugates the action of h_ on H with the one of h+. In fact its restriction, u, 
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to Sl^ is determined by h+). The graph of u is a curve, say C, of 5^ x 5*^ = 
(9X_i that is {h-,h+) invariant. In fact it can be easily shown that it is the 
unique /i+)-invariant curve. Since it is the graph of an orientation preserving 
homeomorphism it is no-where timehke. Its Cauchy development y is invariant 
for h^) and the action of F on it is free and properly discontinuous and the 
quotient y /{h^, is a globally hyperbolic spacetimes = E x M (all these results 
are discussed in [43.). 

So there are two natural parameterizations of the set of maximal globally 
hyperbolic AdS spacetimes with closed Cauchy surface of genus g >2. 

The first one by looking at the future boundary of the convex core that we 
have discussed in previous Sections. In this case the parameter space is TgX^ACg. 

The second one by considering the holonomy. In this case the above remarks 
show that the parameter space is Tg x Tg. 

The induced map Tg x A4Cg ^ Tg x Tg can be explicitly described in terms 
of earthquakes as we are going to explain in the next section, in a more general 
framework. 

In [6j(2,3) Barbot has studied the holonomies of AdS spacetimes containing 
a non-compact spacelike surface. A generalization of these results of Mess has 
been achieved in those papers. 

Proposition 6.5.1 ^(2,3) Given a standard Anti de Sitter spacetime Y let h = 
{h^,h+) : TiiiY) ^ PSL{2,m) x PSL{2,R) be the holonomy. Iff is different 
from n_i, then h_ and are discrete representations such thatM.'^ /h_ = M^/h^. 
Moreover, Y ^ if/h^ x R. 

Gonversely given a pair of discrete representations h = {h^, h+) of the funda- 
mental group of a surface F , such that EI^//i_ = ]HI^//i+ = F , then there exists a 
standard spacetime Y = F xM. whose holonomy is h. 

However, if F is not compact, it is not true that globally hyperbolic AdS 
structures on F x M are determined by the holonomy. A counterexample will be 
given in Section 

6.6 AdS rescaling and generalized earthquakes 

Given a measured geodesic lamination A on a straight convex set H the generalized 
left earthquake along A is the map 

Sl ■■ H 3 X ^ f3+{xo, x)x G If . 

where is the Epstein-Marden cocycle corresponding to A (see Section Rj.l.ip . 
The generalized right earthquake is defined by replacing /5+ by /3_ (that is the 
cocycle corresponding to the negative- valued measure —A). 
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If if = and £l is surjective, then £l is a "true" left earthquake, according 
to the definition given by Thurston in In that case Sl extends in a nat- 

ural way to a map EI — H and the restriction to dM^ is a homeomorphism. 
Conversely, any homeomorphism of dM.'^ (up to post-composition by elements of 
PSL{2,M.)) is the trace on the boundary of a unique left earthquake of [HHj . 

The following interesting relation between earthquakes and Anti de Sitter 
geometry was pointed out in 

Proposition 6.6.1 Let Y be an Anti de Sitter spacetime with compact 
Cauchy surface of genus g > 2 and denote by h = {h_, h+) : i^iiY) — ^ PSL{2, M) x 
PSL{2, M). If F denotes the future boundary of the convex core ofY and X is its 
bending lamination then h+ (resp. h^) is the holonomy of the hyperbolic surface 
obtained by a left earthquake (resp. right earthquake) on F along A. 

We stress that Proposition 16.6. II actuallv gives a new "AdS" proof of the "classi- 
cal" Earthquake Theorem in the cocompact case. For, given F, F' two hyperbolic 
structures on a compact surface S, there exists a unique spacetime Y whose holon- 
omy is (/i, h') where h is the holonomy of F and h' is the holonomy of F' . If A is 
the bending lamination of the future boundary of the convex core of F , then the 
earthquake along 2A transforms F into F' . 

On the other hand, there is in a formulation of the Earthquake Theorem 
that strictly generalizes the cocompact case. In this section we study the rela- 
tions between generalized earthquakes defined on straight convex sets of and 
standard Anti de Sitter spacetimes. As a corollary, we will point out an "AdS" 
proof of such a general formulation. 

Proposition 6.6.2 The map Sl is injective and the image is a straight convex 
set. Moreover, the image of the lamination X is a lamination X' on £l{H). 

Proof : By LemmalHUl y) is a hyperbolic transformation, whose axis sep- 

arates the stratum through x from the stratum through y and whose translation 
distance is bigger than the total mass of [x^y]. This fact easily implies that Sl is 
injective. 

For every unit tangent vector v at xq let u{v) be the end-point of the intersec- 
tion of the geodesic ray c(t) = exp{tv) with the boundary of H (notice that u{v) 
can lie on dif). First suppose that u{v) is an accumulation point for L (that is 
the support of A). Then for every t G [xo,u{v)] fl L let Pvit) be the half-plane of 

bounded by /?L(xo,t)/f (where k is the leaf through t) and containing xq. By 
Lemma f6. 1.51 we have that 

P^(t)cP^(s) iit<s. 

Thus, Pv{s) converges to either the whole or to a half-plane for t u{v). Let 
us denote by P^, such a limit (that is none but the union of all P^i^s)). 
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If u{v) is not an accumulation point of L then let us put = H^. It is not 
difficult to see that if v ^ v' then either P^ = Py/ or 

dPy n dPy' = 

Hence, the intersection of all P„'s is a straight convex set. Now we claim that 

SLiH)= fl Py. 

The inclusion (c) is quite evident. So let us prove the other inclusion. First 
let us prove that the image of Sl is convex. Given x,y & H there exists a 
rectifiable arc c in if of length equal to (ie(^L(a^), + f^{[x,y]) such that 
Si^lc) = [£L{x),£L{y)]. If [x,y] meets only finite leaves then it is clear how to 
construct c. The general case follows by using standard approximations. 

Now suppose there exists x ^ £l{H). Then there exists a point y on [xq,x\ 
such that [xo,!/) C £l{H) and {y,x] does not intersect £l{H). Thus we see that 
there exists a locally rectifiable transverse arc k in H such that SL^k) = [xQ,y). 
Since k intersects each stratum in a convex set, k has limit, Uoo, lying on the 

2 

boundary of if in H . Moreover, the segment [xo,Moo] is homotopic to k through 
a family of transverse arcs. This implies that there exists t„ on [xq, u^) fl L such 
that y is an accumulation point of l3L{xo,tn)lt„ (where lt„ is the leaf through t„). 
Thus we get x ^ P„^. 

The image of the leaves of A form a geodesic lamination C on H = Sl{H). 
Now let us take a geodesic arc k in the interior of Sl{H) We have seen that there 
exists a rectifiable arc k' in H such that S^lk') = k. Let us set fij. the image of the 
measure /ifc/. It is easy to show that fi satisfies points 1. and 2. in the definition of 
transverse measure given in Section 03121 Moreover, if ki and ^2 are geodesic arcs 
homotopic through a family of transverse arcs then fj,ki{ki) = fik2{k2)- In order 
to conclude we should see that the total mass of an arc reaching the boundary of 
H in is infinite. Before proving this fact, notice that, however, we can define 
the Epstein-Marden right cocycle, say on the interior of H. Now we want to 
prove that the map 

H 3 X h-^ PrIxq, x)x G if 
is the inverse of S^. In fact it is sufficient to prove that 

P{SL{x),£L{y))oP{x,y)=Id (6.11) 

for every x,y G H. Choose a standard approximation A„ of A between x 
and y. The image of A„ through is a standard approximation, say A„, 
of A between Sl{x) and Sii^y) Denote by /5£ and the left and right co- 
cycle associated to A„ and A„ respectively. For a fixed n denote by xi = 
X, . . . ,Xn = y the intersection points of A„ with the segment [x, y] and let 
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Qi G PSL{2, M) be the translation along the leaf of A„ through Xi with trans- 
lation length equal to the mass of Xi. It turns out that I3^{x,y) = gi o ■ ■ ■ o gn, 
and l3]i {£L{x) Siiy)) = gi^l3ig2^l3i^ ■ ■ ■ I3n-ignl3~\ where A = Xi+i). By 
LemmainillSl I |/3n-i — S'l ° • • • °5'n|| < C /n, whereas — gi\\ < Crrii/n where 

rrii is the mass of the segment [xj, Xj+i]. It follows that 

\\^Pl{£L{x),£M)opi{x,y)-Id\\ < C'/n. 

Passing to the limit shows the identity ()6.1H) . 

Now we can prove that if k is an arc reaching the boundary of H in then 
its total mass is infinite. Let x„ be a sequence of points on k converging to a 
point on the boundary of H. We have that /5i?(xo, either converge to a 

boundary leaf of A or converges to a point on dM?. In the former case, it follows 
that the measure of k is +00 by the hypothesis on A. In the latter case, we have 
that the measure of k must be infinite, otherwise the estimates of Lemma 16.1.61 
should imply that /3ij(xo,x„) is a precompact family in PS'L(2,]R). 

■ 

Remark 6.6.3 Let Y (different from n_i) be the universal covering of a space- 
time y, with holonomy representation h = {h-,h+) : iti{Y) —>■ PSL{2,'R) x 
PSL{2, M). The future boundary of the convex core of Y is isometric to a straight 
convex set, H, of bent along a measured geodesic lamination A. There ex- 
ists a discrete representation ho : HiiY) — > PSL{2,'R) such that H and A are 
/iQ-invariant and the bending map ip\ : H ^ d+JC is 7ri(y)-equivariant. Since 
(p\{x) = {P_{xo,x), P+{xo,x))I{x), the generalized right earthquake along A, say 
Sr, conjugates Hq with h_. Thus one can see that h_ is a discrete representation 
and EI^//i_ is homeomorphic to H/hQ. This furnishes another proof of the first 
part of Proposition 16.5.11 

By means of the generalized earthquakes we can characterize the measured 
laminations that produce standard AdS spacetimes whose boundary at infinity 
is the graph of a homeomorphism. 

Proposition 6.6.4 Let X be a measured geodesic lamination on a straight convex 
set. Then the following statements are equivalent. 

1 ) The left and right earthquakes along A are surjective maps on . 

2) The boundary curve ofy\ is the graph of a homeomorphism. 

First suppose that right and left earthquakes are surjective maps. Denote by 
A the image of A via the (generalized) right earthquake £r along A. By hypothesis 
the left earthquake along 2A is a true-earthquake (that means that it is surjective). 
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Thus, it extends to a homeomorphism of dM^ = S*^. We show that the curve 
at infinity of U^^ (that is a subset of (9X_i = 5^ x S*^) is the graph, Cx, of u\. 
In fact, it is sufficient to show that such a curve contains the pair {x,u\{x)) for 
any vertex x of any stratum of A. Now for such an x there exists a vertex ?/ of a 
stratum T of A such that 

X = P-{xo,z)y 

where z is any point in T. Thus the image of x via the left earthquake along 
2A is (3^{xq, z)y. On the other hand, since the image through the bending 
map (fx '■ H X_i of T is {P_{xq, z), P^{xq, z))(T), the point {x,ux{x)) = 
{P-{xo, z), P^{xo, z)){y) lies on the boundary curve of 3^a- 

Conversely suppose that the boundary curve Cx is the graph of a homeomor- 
phism. Take a point (x, y) on Cx and let pn be a sequence of points in d+]Cx such 
that Pn {x,y) in X_i. If T„ is a face or a bending line through pn we have 
three cases: 

1) Tn converges to a stratum Too of d^lCx- 

2) Tn converges to {x,y). 

3) Tn converges to a segment on a leaf of 9X_i. 

Since Cx is the graph of a homeomorphism, we can discard the last case. In the 
other cases, it is easy to construct a sequence of vertices qn of faces or bending 
lines Tn converging to {x,y). 

If Sn is the stratum of A corresponding to T„ via the bending map, we can 
find a sequence of end-points of Sn, say Zn, such that 

X = lim P_{Xo,Un)Zn 
n— >+oo 

y = lim (3+{xo,Un)zn 

n— »+oo 

where Un is any point of Sn- Notice that P-{xo,Un)zn lies in the closure of the 
image of the right earthquake £r along A. Thus x G £r{H). In an analogous way 
we see that y G £l{H). 

Summarizing, we have proved that if (x, G Cx then x G £r{H) and y G 
£l{H). Since Ca is the graph of a homeomorphism we have that S]^ is contained 
in the closure of the image of £l (and £r)- Since such images are convex, both 
£l and £r are surjective. 

■ 

We stress that Proposition 16.6.41 does not imply that if the boundary curve at 
infinity is the graph of a homeomorphism then the future boundary is complete. 
We show a counterexample. 
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Figure 6.4: The maps £± are injective. Since the geodesic Zoo escapes to infinity then 
they are also surjective. 

Example 6.6.5 Let if be a half-plane bounded by a geodesic / and r be a 
geodesic ray contained in H starting from some point Xoo of / and orthogonal to 
/. Denote by Xn the point on the ray such that d^i^Xoo, Xn) = l/n. Let (resp. Zoo) 
be the geodesic through Xn (resp. x^o) orthogonal to r. Then £ = {ln\n G N+}U/ 
is a geodesic lamination on H. Putting the weight 1 on each /„ equips C with 
a transverse measure, say /i. We claim the the left and right earthquakes along 
A = {H, A, /i) are surjective maps 

Denote by if„ the half-plane bounded by Z„ and contained in H and take for 
each n a point Un G if„ \ i^n-i- By Proposition 16.6.21 we have to prove that 
the sequence of geodesies P±{uo, Un){ln) (where /3± is the Epstein-Marden cocycle 
associated to ±A) is divergent. The transformation Pn{uo, Un), that for simplicity 
will be denoted by Qn, is the composition of hyperbolic transformations with axes 
li, . . . ,ln-i and translation lengths equal to 1. By Lemma 16.1.51 the following 
facts hold 

1) Qn is a hyperbolic transformation and its axis is contained in H — 

2) The translation length of Qn, say a„, is greater than n — 1. 

3) The distance of In from the axis of Qn, say is greater then l/n{n — 1). 
Let Zn denote the point on the axis of Qn that realizes the distance from Z„. 

The distance of Zn from gniln) is then equal to sh£:„cha„. Because of points 2) 
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and 3) this number is bigger than 

sh ( ^ )ch (n - 1) > ^ ch (n - 1) . 
n[n — Ij n[n — 1) 

Thus the distance of Zn from gniln) tends to +oo. Because of point 1) Zn runs in 
a compact set and this imply that (7„(/oo) is divergent. 

The image of A via Er, say A, is a measured geodesic lamination of H^. Thus 
we see that the left generalized earthquake along A is not a true earthquake, 
whereas the one along 2 A is. 

In Section 16.81 we will prove that also the converse is false. That is, we will 
show examples of spacetimes whose boundary curve is not a homeomorphism and 
such that the future boundary of the convex core is complete (this is related to 
the well-known fact that there are measured geodesic laminations of that do 
not give rise to true earthquakes). 

6.7 T-symmetry 

Let Y be any maximal globally hyperbolic AdS spacetime containing a complete 
Cauchy surface (that is the quotient of some standard domain y = y{C) in X_i). 
It is evident from our previous discussion that by reversing the time orientation 
we get a spacetime Y*, quotient of y* = y{C*) where C* is the image of the 
curve C under the involution of 9X„i = 5*^ x 5*^ 

{x,y) ^ {y,x) . 

Moreover, the holonomy of Y* is obtained by exchanging the components of the 
holonomy of Y 

{h.,h+) ^ ih+,h_) . 

Thanks to the classification, this induces an involution on the set of AdS AiC- 
spacetimes, hence on AiC^ , called T-symmetry. That is Proposition 11.8.1) is now 
proved. 

In Section we will illustrate by some examples the broken T-symmetry on 
general A4£(]H[^)-spacetimes (according to Section 

6.8 Examples 

Let us summarize some nice properties satisfied by any maximal globally hyper- 
bolic spacetime Y of constant curvature k, that contains a closed Cauchy surface 
of genus g >2: 
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(a) It is maximal in the strong sense. In fact it cannot be embedded in a bigger 
constant curvature globally hyperbolic spacetime (usually, maximal means that 
there exists no isometric embedding sending in a bigger spacetime Y' sending a 
Cauchy surface of Y onto a Cauchy surface of Y', see Section EHJ. 

(b) If K = 0, — 1, y is determined by its holonomy. 

(c) If K = — 1, both the future and past boundaries of its convex core are 
complete (with respect to the intrinsic metric). 

(d) If K = — 1, the boundary curve of the universal covering of 3^ is the graph 
of a homeomorphism of 5^ into itself. 

(e) If K = —1, the set of such spacetimes is closed for the T-symmetry. 

In these section we will illustrate examples that show that these properties fail 
for general A^£(E[^)-spacetimes, even if the surface is of finite type with negative 
Euler characteristic. 

The elements in AiC^ corresponding to spacetimes we are going to construct 
will be of the form (A, F) where F = tf/r is the finite area hyperbolic surface 
homeomorphic to the thrice-punctured sphere. 

It is well known that F is rigid, that is the corresponding Teichmiiller space 
is reduced to one point. Hence, F has no measured geodesic laminations with 
compact support. 

F can be obtained by gluing two geodesic ideal triangles along their edges 
as follows. In any ideal triangle there exists a unique point (the " barycenter" ) 
that is equidistant from the edges. In any edge there exists a unique point that 
realizes the distance of the edge from the barycenter. Such a point is called the 
mid-point of the edge. Now the isometric gluing is fixed by requiring that mid- 
points of glued edges match (and that the so obtained surface is topologically a 
three-punctured sphere - by a different pattern of identifications we can obtain 
a 1-punctured torus). It is easy to see that the resulting hyperbohc structure is 
complete, with a cusp for any puncture, and equipped by construction with an 
ideal triangulation. 

The three edges of this triangulation form a geodesic lamination £p of F. A 
transverse measure fip = iip{ai,a2,a^) on such a lamination consists of giving 
each edge a positive weight a^. The ideal triangles in F lift to a tessellation of 
the universal cover by ideal triangles. The 1-skeleton C of such a tessellation 
is the pull-back oi Cp] a measure ^ip lifts to a F-invariant measure on C. So, 
we will consider the F-invariant measured laminations A = {Cp,fip) on that 
arise in this way. From now on in the present Section we will refer to such a 
family of 7Vl£-spacetimes. 

Blind fiat Lorentzian holonomy That is we show that in general the above 
property (b) fails. Varying the weights a^, we get a 3-parameters family of flat 
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spacetimes U^^ = Uxi^ax,a2,a-i)i with associated quotient spacetimes = U)^/h^{T), 
where h^x(T) denotes the flat Lorentzian holonomy. 

The spacetimes W° have homeomorphic initial singularities Sa. A topological 
model for them is given by the simplicial tree (with 3-valent vertices) which forms 
the 1-skeleton of the cell decomposition of dual to the above tessellation by 
ideal triangles. The length-space metric of each is determined by the fact that 
each edge of the tree is a geodesic arc of length equal to the weight of its dual 
edge of the triangular tessellation. In fact, every is reahzed as a spacelike tree 
embedded into the frontier of in the Minkowski space, and h^xO^) ^^^^ 
by isometries. 

The behaviour of the asymptotic states of the cosmological time of each 
is formally the same as in the cocompact case. In particular, when a ^ 0, 
then action of h!l(^) the level surface lA^{a) converges to action on the initial 
singularity S^. The marked length spectrum of U^{a) (which coincides with 
the minimal displacement marked spectrum of the action of /^^(r) on Ux{a)), 
converges to the minimal displacement marked spectrum of the isometric action 
on the initial singularity. If ji, i = 1,2, 3, are (the conjugacy classes of) the 
parabolic elements of T corresponding to the three cusps of F, the last spectrum 
takes values 7i — >■ + Oj+i, where we are assuming that the edges of the ideal 
triangulation of F with weights a, and Oj+i enter the ith-cusp, 04 = ai. By the 
way, this implies that these spacetimes are not isometric to each other. 

However, it follows from 6J that: 

(1) The flat Lorentzian holonomies h\{V) are all conjugated (by Isomo(Xo)j 
to their common linear part F. 

(2) All non trivial classes in H^{T,M.^) are not realized by any flat spacetime 
having T as linear holonomy. 

Hence, the fiat Lorentzian holonomy is completely "blind" in this case, and, 
on the other hand, the non trivial algebraic Isomo(Xo)-extensions of F are not 
correlated to the geometry of any spacetime. 

Remarks 6.8.1 (1) The above facts would indicate that the currently accepted 
equivalence between the classical formulation of 3D gravity in terms of Einstein 
action on metrics, and the formulation via Chern-Simons actions on connections 
(see jSni and also Section fLllI of Chapter H}, should be managed instead very 
carefully outside the cocompact F-invariant range (see for similar considera- 
tions about flat spacetimes with particles). 

(2) Every in the present family of examples can be embedded in a F- 
invariant way in the static spacetime I'''(0) as the following construction shows 
(this is the geometric meaning of point (1) above, and shows by the way that (a) 
above fails). 
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Up to conjugating by an isometry of Isom(Xo) we can suppose h)^{-y) = 7 
for every 7 G F. We want to prove that W° is contained in 1^(0). By contradiction 
suppose there exists x G W° outside the future of 0. Since is future complete 
l~^{x) n 91^(0) is contained in But we know there is no open set of 91 """(O) 
such that the action of F on it is free. 

There is a geometric way to recognize such domains inside I'*'(0). Take a F- 
invariant set of horocycles {Bn} in centered to points corresponding to cusps. 
We know that every horocircle Bn is the intersection of with an affine null 
plane orthogonal to the null-direction corresponding to the center of Bn- Now it 
is not difficult to see that the set 

l] = f|I+(PO 

is a regular domain invariant by F. This is clear if Bn are sufficiently small (in 
that case we have that f2 fl 7^ 0). For the general case denote by Bn{a) the 
intersection of P„ with the surface oM^. Then the map 

/a : atf 9 X ^ x/a G 

sends Bn{a) to a horocircle Bn{a) smaller and smaller as a increases. It follows 
that Vt n atf 7^ for a >> 0. Since a regular domain is the intersection of the 
future of its null-support planes it follows that every can be obtained in this 
way. 

Earthquake "failure" and broken T-symmetry It was already remarked 
in ^54, that such a A produces neither left nor right true earthquake (in particular 
the boundary curve of the universal covering of Y{T, A) is not a homeomorphism 
by Proposition l6.6.4l - this could be checked also directly). On the other hand d+K, 
is complete (they are A^£(]HI^)-spacetimes). Hence this is the example promised 
at the end of Section 16.61 

Nevertheless, we can consider the Epstein-Marden cocycles (3- = and 
/?+ = (3^\. The associated representations 

are faithful and discrete. Both the limit set of hi and Ar of are Cantor sets 
such that both quotients of the respective convex hulls are isometric to the same 
pair of hyperbolic pants with totally geodesic boundary IIa. If ji is as above, then 
we have that h^l'-^i) and h^l'ji) are hyperbolic transformations corresponding to 
the holonomy of a boundary component of with translation length equal to 
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Thus and hu are conjugated in PSL{2, IR). The above remarks imply that 
there exists a spacehke plane P in X_i that is invariant for the representation 
h — {Hl, hu). The limit set of the action of /i on P is the Cantor set 

A ={(4(7)), 4(7))}, 

^til) (resp. 4(7)) denoting the attractive fixed point of h^i^'y) (resp. hji{'y)). 
It is not hard to see that every closed F-invariant subset of dX_i must contain 

A. 

Broken T -symmetry. Consider now the bending of along A. The key point 
is to describe the curve Cx, that is the curve at infinity of the universal covering 

of Y-\T,\). 

Take a point x E dM^ that is a vertex of a triangle T of A. The point x 
corresponds to a puncture of F so there is a parabolic transformation C ^ T 
conjugated to one 7^ that fixes x. Moreover, we can choose C in such a way that 
it is conjugated to a translation z ^ z + a with a > in PSL{2,M). If we 
take z E T, the point f3_{xQ,z)x is the repulsive fixed point of /?.l(C) whereas 
P+{xo,z)x is the attractive fixed point of hf>{(). Since T is sent via the bending 
map to P{xo, z){T), we see that C\ contains u = (a^L(C), 4(C))- 

Since Cx is F-invariant it also contains 

Uoo = (4(0,4(0) ^^oo = {xl{C):X]i{()) . 

Since Cx is achronal and u and v^o are in the same right leaf, it follows that 
the future directed segment on the right leaf from towards u is contained in 
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Cx- In the same way we have that the future directed segment on the left leaf 
from U(x, towards u is contained in C\. 

Notice that u^o and are the vertices of a boundary component of the convex 
hull i7 of A in P. 

Now take a boundary component / of H oriented in the natural way and 
let M_ and m+ be its vertices. Then the right leaf through and the left leaf 
through meet each other at a point Ui. The future directed segments from 
u± towards u in the respective leaves is contained in Cx. Denote by Vi the union 
of such segments. We have that the union of V/, for I varying in the boundary 
components of H, is contained in Cx- But its closure is a closed path so that Cx 
coincides with it. 

Since the description of the curve Cx is quite simple we can describe also the 
past boundary d-JC of the convex hull of Ca, i.e. of the AdS convex core of Ux^. 
Notice that P is the unique spacelike support plane touching d-JC. Then for every 
component / of H, there exists a unique null support plane Pi with dual point at 
ui- Thus, d-IC is the union of H and an infinite number of null half-planes, each 
attached to a boundary component of H. It follows that d-lC is not complete. 
This shows that properties (c) and (e) stated at the beginning of this Section fail. 



Chapter 7 
QP-spacetimes 



In this chapter we treat the Wick rotation-rescahng theory on "degenerate" reg- 
ular domains in Xq, i.e. the future I^{r) of spacehke geodesic hues r of Xq. In 
fact we will extend the theory on (fiat) spacetimes modeled on /"^(r), that are 
governed by quadratic differentials on Riemann surfaces. 

7.1 Quadratic differentials 

We recall a few general facts about quadratic differentials on Riemann surfaces. 
We refer for instance to [TJ EH EZj for details. 

Let F be a Riemann surface. A meromorphic quadratic differential on F is 
a meromorphic field of quadratic forms on F. In local coordinates u looks like 

u = (pdz^ 

for some meromorphic function We will limit ourselves to consider quadratic 
differentials that have poles of order 2 at most. If 7^ 0, then its singular locus 
X{ijj) = X'{uj) UX"{u!) is the discrete subset of F where X' is the union of zeros 
and simple poles of a;, while X" is made by the order 2 poles. Set F' = F\X{u). 
If uj is holomorphic at p G -F, then there are local normal coordinates z = u + iy 
such that, p = and 

uo = z'^dz^, m G N , 
where m > 1 iff p is a zero of order m. The local normal form at a simple pole is 

UJ = -dz . 

z 

The local normal forms at poles of order 2 depend on one complex modulus as 
they are 

u! = -^dz"^, a E C . 
z^ 
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On F' we have the cu-metric 

ds^ — dsl, — {cuoJ)^ 

i.e., in local coordinates 

ds^ = \(f)\\dz\^ . 

By using the local normal forms, it is easy to see that ds^ satisfies the following 
properties: 

(1) it is flat on F'; 

(2) it extends to a conical singularity with cone angle (m + 2)7r at each zero 
of order m; it extends to a conical singularity with cone angle tt at each simple 
pole; 

(3) every pole of order 2 (with local normal form as above) gives rise to a 
cyhndrical "end" of F' isometric to x R"^ endowed with the metric 

\a\'^de'^ + dt"^ . 

A vector v e TF^ is said to be a;-horizontal ( 6i;-vertical) if u;{v) is real and 
strictly positive (negative). This induces on F' two fields of directions, that 
are orthogonal each other with respect to rfs^. The integral lines of these fields 
give rise to the uj -horizontal and uo-vertical foliations respectively, denoted J-^ = 
T*{ui), * = h,v. By using local normal forms, we see that: 

(i) at non-singular points they are given by the y-constant and it-constant 
lines, respectively; 

(ii) at any zero p of order m, both foliations extend to singular foliations 
having a saddle singularity, with (m + 2) germs of singular leaves emanating from 
p. In a similar way, they extend at any simple pole p, with one germ of singular 
leaf emanating from p; 

(iii) at a pole of order 2, the foliations arc induced by a pair of constant 
orthogonal vector fields on the end S'^ x (with coordinate {9,t) as above). In 
fact if the parameter of the pole is a = |a|e*", then the horizontal direction is 

d 

given by rotating — as follows 



In particular, there is a closed (x;-horizontal leaf iff a is real and a < 0. In such a 
case every closed curve x {*} is in fact a closed horizontal leaf. 

We will say that a leaf of these singular foliations is non-singular if it does 
not end at any zero or simple pole of cu. 

The foliations are endowed with transverse measures which in a normal 
coordinate at a non-singular point are given by \dy\ and \du\, respectively. 
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In fact, either the data (rfs^, * = h,v) or {F,u;) determine each 

other. Note, in particular, that {F,—cu) corresponds to {ds"^, {J-'y,fj.v), {^h, (J^h)) 
i.e. the flat metric is the same, but the measured foliations exchange each other. 

This suggests a very convenient geometric way to deal with quadratic differ- 
entials, by using the (X, ^)-structure machinery (see section EH} . 

Local model. Consider the complex plane C with coordinate z = u + iy, 
and the non singular quadratic differential coq = dz^ . Then c/sg = \dz\'^ is the 
tuo-metric and we have the associated tuo-measured foliations 

The subgroup Aut(C, cuq) of Aut(C) preserving ujq (equivalently, the group of 
direct isometries of ds^ preserving is generated by translations 

a^iu + iy) = {u + iy + v), v = p + iq 

and by the rotation R-j^ of angle vr. This last inverts the orientation of the ujq- 
foliations. 

The Teichmiiller ray based on c^o is given by the 1-parameter family of struc- 
tures 

{dsl,{J^h,THh),{J^v,(J^v)), r>l 

where 

dsl = r'^du^ + dy"^, r > 1 . 

By taking r > we have the associated Teichmiiller line. 

Let 5* be an oriented surface, X = X' U X" be a discrete subset of S. Set 
S' = S\X . Consider any kxxti^^.oj^)- structure on S' . This is equivalent to 
giving S' a Riemann surface structure F' equipped with a non-singular quadratic 
differential lo' . In fact a (maximal) (C, Aut(C, C(Jo))-atlas coincides with a maximal 
family of local normal coordinates for (F',Ci;'). We say that this (C, Aut(C, c^o))- 
structure is of meromorphic type (with singular set equal to X) if {F', uj') extends 
to a Riemann surface structure F on the whole of S", equipped with a mero- 
morphic differential uj, in such a way that X' = X'{uj) and X" = X"{uj). This 
is determined by the behaviour of {dsl^,, {J-'^{iu'), fj.^{tu'),* = h,v), around each 
point p & X (see the above local models). 

The Teichmiiller line based on ujq lifts to the Teichmiiller line based on uj'. This 
eventually leads to a 1-parameter family of structures {FT-,uJr) on 5*. Each ujr is 
a meromorphic quadratic differential on the Riemann surface Fr. When r varies 
several objects remain constant: X'{uJr) = X' and X"{uJr) = X"; every p G X' 
has constant (pole or zero) order; the (unmeasured) foliations J-'^,{u!r) = 
///^(a;^) = /i/i(a;). On the other hand, the ci;T--metric, the measure fivi^^r) and the 
moduli of the poles p G X" vary with r. 

As usual, for every Riemann surface F as above, we often prefer to consider a 
conformal universal covering Q ^ F, so that F = Q/T for a group of conformal 
transformations of Q. Then we can develop the above theory on Q, possibly in a 
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F-invariant way. By the uniformization theorem, = C, D^, P^(C). A simple 
apphcation of the Gauss-Bonnet formula for flat metrics with conical singularities, 
shows that is not compact if it carries a holomorphic quadratic differential. 

7.2 Flat QP-spacetimes 
7.2.1 Basic facts about /+(r) 

We consider the Minkowski space Xq with coordinates {x, y, t) and metric ko — 
dx^ + dy^ — dt^. As usual, it is oriented in such a way that the standard basis is 
positive; time-oriented in such a way that d/dt is future directed. We can assume 
that the spacelike line r is the y-coordinatc line, so that I^{r) coincides with 

l^{t>0, - < 0} . 

Clearly, the function r — (t^ — x^Y^'^ is the cosmological time of I, and r is its 
initial singularity. The image of the Gauss map of I consists just of one geodesic 
line of If, i.e. {x^ -t^ = -l^ y = 0}. 

It is useful to perform the following change of coordinates that establishes an 
immediate relationship with quadratic differentials: 

Do : Ho ^ Xo 

X — rsh {u) , y — y , t — rch (u) . 

This is an isometry onto I of the open upper half-space Uq — {t > 0} of M^, 
endowed with the metric 

go — T^dv? -\- dy^ — dr^ . 

In fact Do can be considered as a developing map for a (Xq, Isom''"(Xo))-structure 
on IIo. 

The coordinate r is the cosmological time of IIq. Note that this is real analytic, 
and it is also a CMC time: each r- level surface IIq (a) has mean curvature equal 
to l/2a. We will use the following notations. For every X C (0, +oo), Ilo{X) = 
r~^{X). Sometimes we also use no(> a) instead of no((a, +oo)) and so on. 

Let us identify no(l) with the complex plane C, by setting z — u + iy. We 
see immediately that: 

The 1 -parameter family of flat metrics on the level surfaces n(a), a > 0, coin- 
cides with the one of the Teichmiiller line associated to the quadratic differential 

UJQ. 

Together with the image of the Gauss map, a "dual" object to the initial 
singularity of IIq is just the loq- vertical measured foliation (^, //°) on no(l). In 
fact, if 7 is an arc transverse to JF°, then /i°(7) coincides with the length of its 
image via the retraction onto the initial singularity. 
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Remarks 7.2.1 (1) Let us change the time orientation of Ho (by keeping the 
spacetime one). This corresponds to the change of coordinates u' = y,y' = u, r' = 
—T. The new spacetime has now a final singularity. If we change again the time 
orientation, but reversing the spacetime one, we get the metric du^ + dy"^ — dr'^ , 
and the above description holds by replacing the quadratic differential ujq with 

-UJQ. 

(2) Let us consider now the 1-parameter family of quadratic differentials s^dz^, 
s > 0. Then, the corresponding family of Teichmiiller lines of flat metrics is given 
by s^{T^du^ + dy'^) — c?r^, r > 0; these metrics are given by the the pullback of 
hQ via the maps 9^:110-^ LIo, Qs{u, y, r) = {su, sy, r). 

The group Isom'''(no) of isometrics preserving both spacetime and time ori- 
entations is generated by "horizontal" translations and the rotation i?^ of angle 
TT, around the vertical r-axis. Hence it is canonically isomorphic to Aut(C,co'o). 
Note that, for every a > 0, the isometry group of no(> ct) coincides with the 
whole of Isom"'"(no) (just via the restriction map). 

We have the faithful representation: 



ho{R^){x,y,t) = {-x,y,t) . 

The representation ho can be considered as a compatible universal holonomy for 
the above developing map Dq. In fact for every ^ e Isom"'"(no), for every p e Hq, 
we have that 



Moreover, the image of ho coincides with Isom"^(T), and X = Do(no). 

7.2.2 Globally hyperbolic flat QP-spacetimes 

These spacetimes had been already pointed out in [I2|(3). With the notations of 
SectionEH let us take S, X = X'UX", S' = S\X, related to a (C, Aut(C, cjq))- 
structure of meromorphic type, corresponding to the structure {F, uj) on S. This 
immediately induces a (Ho, Isom"'"(no))-structure on 5" x (0, +oo). The resulting 
flat spacetime is denoted by Yq{F,uj). The cosmological time r of IIq lifts to a 
submersion (still denoted) 



ho : Isom"'"(no) — > Isom~*"(Xo) 



given by 




t:Yo{F,uj) ^ (0,+oo) . 
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Set 

s = s'ux' 

L = L'UL" = Xx (0, +oo) C 5 X (0, +oo) . 
Then Yq{F,u!) extends to a cone spacetime 

Yo{F,uj) 

supported by S* x (0, +oo). Every component {p} x (0, +oo), p G X', of L' 
corresponds to the world hne of a conical singularity (a "particle"); the cone 
angle coincides with the one of p as a zero or a simple pole of u. Every pole of 
order 2 corresponds to a so-called peripheral end of Yo{F,uj) homeomorphic to 
(^^ X R+) X (0,+oo). _ 

The function r extends to Yo{F,uj) and the 1-parameter family of spacelike 
metrics (with conical singularities) on the level surfaces coincides with the Te- 
ichmiiller line based on uj. 

By extending in a natural way the notion of causal curve on Yq{F,uj) (by 
allowing that such a curve intersects the particle world lines), we realize that 
in fact T is the cosmological time of Yq{F,uj), every r-level surface is a Cauchy 
surface and that Yq{F,uj) is maximal globally hyperbolic. 

Such a Yo{F,uj) is said to be a globally hyperbolic flat QV -spacetime. Yq{F,u) is 
its associated non-singular fiat QP-spacetime. {S x (0, +oo), L = L' UL") is said 
to be its support. 

Here is the local models for any globally hyperbolic flat QP-spacetime: 

Uo = Yo{C,Uo) = Yo{C,Uo) , 

YoiC,z"'dz'') , 

Yo{C,-dz') , 

z 

and 

Fo(C, ^dz^) = Yo{C, ^dz'), a e C . 

On the initial singularities. As usual let us assume that S = Q is simply 
connected, that u is defined on Q, possibly in a F-invariant way, for a suitable 
group of conformal automorphisms. We want to define and describe the initial 
singularity of Yq{Q,u). This is not so simple to figure out as in the case of flat 
7Vl£-spacetimes because now the developing map is not in general an embedding. 
However, their intrinsic descriptions are in fact very close to each other (see 
Section IX7j) . Consider the level surface & = Yo{^l,uj){l) of the cosmological 
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time r. By construction, it can be naturally identified with For every 

p e 6, let 7p be the past directed ray of the integral line of the gradient of r 
that starts at p. For every s < 1, set p{s) =7^0 Yo(Q,uj){s). Let us say that 7p 
and 7y arc asymptotically equivalent if ds{p{s) , q{s)) when s 0, where dg 
denotes the distance on Yo{Q,uj){s) associated to its spacelike structure. This is 
in fact an equivalence relation "=" on &. We define the initial singularity (as a 
set) to be the quotient set 

E = E(Fo(n,u;)) = e/^ . 

We describe now another equivalence relation on & via its natural identification 
with (Q, a;). Define 

5h(p,q) = inf{//h(c)} 

where c varies among the arcs connecting p and q and that are piecewise con- 
tained in leaves of the a;- horizontal foliation or are transverse to it. The set 
p =h q iS ^h{p,(l) = 0. The quotient set &/ =h is in fact a metric space with 
distance (induced by) 6h- Note that every non-singular leaf of J-'h determines one 
equivalence class, and the same fact holds for every connected component of the 
union of the singular ones. It is immediate that the two equivalence relations co- 
incide on the above local models and this eventually holds on the whole Yq(P,, cu). 
Summarizing, (E, 6h) is a metric space, the natural retraction 

r : e ^ E 

is continuous; in the F-invariant case, F acts on (E, Sh) by isometrics, and r is 
F-equivariant. 

Remark 7.2.2 In the special case when Q = H^, S = tf/F is compact, and u 
is holomorphic, (E, Sh) is just the W-tree associated to the F-invariant quadratic 
differential u by Skora theory. On the other hand there is a natural F-invariant 
measured geodesic lamination A = (£, fj) on associated to uj. Roughly speak- 
ing, each non singular leaf of J^h has two limit points at S^^, hence it determines 
a geodesic in M^. The support of A is given by the closure on the union of the 
geodesies obtained in this way; moreover fih induces a transverse measure /i so 
that iih and share the same dual M-tree {T,,6h), equipped with an isometric 
action of 7ri(S') with small stabilizers. In fact this establishes a bijection be- 
tween holomorphic quadratic differentials and measured geodesic laminations on 
S. Hence the QD-spacetime Yq{Q, uj) and the flat A^>C(tf)-spacetime share 
the same initial singularity. 

Ilo-quotients. Quotient spacetimes of IIq are the simplest but important ex- 
amples of globally hyperbolic flat QX>-spacetimes. 
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Let A be a non-trivial group of isometries acting freely and properly dis- 
continuously on Ho. Then either it is generated by one or two M-independent 
translations: either A =< (j^ >, v = p + iq, or A =< 0"^,^, a^^ >, Vj = pj + iqj, 
where we assume that f i, f2 make a positive M-basis of C. Clearly Hq/A is home- 
omorphic to x (0, +oo), where either S = S'^ x oi S = S'^ x S'^. In fact, it is 
easy to see that either: 

Uo/A = Yo{C,^dz') 

where, 

V = \v\ef^\ a = Ivle^f^' 

or 

Ho/A = ro(i"A,^A) = Fo(Fa,^a) 

where Fa is the complex torus Fa = C/A, and uq descends to the non-singular 
differential cua on Fa. Note that the rotation R.,^ conjugates A and —A, where 
this last group is obtained by replacing each generator w by —w. 

It is well-known j43| |33] that all non static maximal globally hyperbolic flat 
spacetimes with toric Cauchy surfaces arise in this way, and that the correspond- 
ing Teichmiiller-like space is parametrized by the pairs (F, u) = (Fa, cua) as above 
( equivalent ly, by the groups A up to conjugation by Isom'''(no)). 

7.2.3 General flat QP-spacetimes 

Let (M, L = L'UL") be formed by an oriented 3-manifold M and a 1-dimensional 
submanifold L of M, such that every component of L either belongs to L' or L" 
and is diffeomorphic to M. 

Definition 7.2.3 A flat QD-spacetime with support (M, L = L'UL") is given by 
a (Ho, Isom"'"(no))-structure on M' = M\L such that the so obtained spacetime 
Yq satisfies the following properties. Note that the cosmological time r on Hq 
lifts to a function (still denoted) 

t:Yo^]0,+oo[ 

without critical points. The r-level surfaces give a foliation of Yq by spacelike 
surfaces which is in fact a foliation by Riemann surfaces endowed with non- 
singular quadratic differentials. We require that Yq extends to a cone spacetime 
Yq supported by M = M' U L' , which locally looks like a globally hyperbolic 
fiat QP-spacetime, respecting the r-functions. This means in particular that for 
every p G L" there is a neighbourhood f/ of p in M, such that U fl M' considered 

as an open set of Y, isometrically embeds in some lo(C, -i^dz'^) respecting the 

z^ 

r-functions. Similarly for p & L' . Note that the r- function continuously extends 
to the whole of Y and the same fact holds for its gradient vector field. 
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The following proposition will show that flat QP-spacetimes can realize arbi- 
trarily complicated topology and global causal structure. Consider any {N, S^, v), 
where is a compact oriented 3- manifold; dN = S+ U S^, and each of S_ and 

is union of connected components of dN; f is a nowhere vanishing vector field 
on such that v is transverse to dN and is ingoing (outgoing) at 5*+ (S^). The 
field V is considered up to homotopy through non singular vector fields transverse 
to dN (sometimes v is called a combing of (A^, 5*+, S*.)). Possibly dN = 0. Recall 
that such a combing exists iff xi^) —x{S+) = (equivalently xi^) —x{S-) = 0), 
where x(-) denotes the Euler characteristic. We say that a closed 2-sphere S em- 
bedded in the interior of splits v (in "traversing" pieces) if: 

- S bounds a 3-ball B embedded in the interior of A^; 

d 

- the restriction of f on a neighbourhood of B looks like the field 7- — at a 

dxs 

standard round ball in M^; 

- each integral line of the restriction of on iV = A^ \ Int(;B) is homeomorphic 
to [0, 1] with end-points on dN. 

Note that v = v\j^, has just one simple closed curve C of simple tangency on the 
2-sphere S. Hence v is ingoing (outgoing) at one component S_(_ (S_) of S \ C. 
Set S'i = S"-!- U -0 is considered up homotopy through vector fields with the 
same qualitative properties. A tangle of orbits for (iV, 5*+, S-,v) is a finite union 
E = E' U E" of (generic) integral lines of v that are not tangent to S. 
Finally we can state 

Proposition 7.2.4 Let {N, S+, S-,v) be as above. Then there exist a sphere S 
that splits V, and a tangle of orbits E = E' U E" for {N, S+, S-,v) such that: 

(1) {N, E = E'U E") embeds into (M, L = L' U L") which is the support of a 
flat QV-spacetime Yq; 

(2) the gradient of the r-function ofYQ is transverse to (the image of) (5*+ U 
S^) \ E" and the restriction of v to N \ E" coincides with the restriction of the 
gradient of the T-function. 

We limit ourselves to a rough sketch of a proof based on the theory of branched 
spines of 3- manifolds (see |I1]). In fact we use a variation of the construction 
made in Section 5 of [T^(3). For the existence of the splitting sphere S, see 
^3] (2). In fact, there is a branched standard spine P of A^, smoothly embedded 
in the interior of A^, which carries v as traversing normal field. We can prove that 
P admits a branched Riemann surface structure F equipped with a meromorphic 
quadratic differential cj, with singular set contained the union of the open 2- 
regions of P. In fact, we can consider the Euler cochain e (see [14 (1)), constructed 
by means of the maw vector field on P, which gives each oriented 2-region R an 
integer value < 0. Then we can construct uj in such a way that: R contains one 
zero of order 2|e(i?)| — 2 if e(-R) < 1; i? contains one pole of order 2 with positive 
integral modulus if e(-R) = 1; there no other singularities of u. By using (-F, cu). 
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as for the globally hyperbolic spacetimes, we can construct a branched fiat QV- 
spacetime structure supported by (Px]0, +oo[, X'{lj)x]0, +oo[, X"{uj)x]0, +oo[). 
Finally, as in Section 5 of |I1I(3), we can smoothly embed N in Px]0, +oo[ in 
such a way that we get, by restriction, an ordinary spacetime structure satisfying 
the statement of the Proposition. 

7.3 QV Wick rotation-rescaling theory 

We are going to construct the canonical Wick rotation-rescaling theory on IIo. 
More precisely, for every X = EI^,X-|-i, for every * = H, ±1 respectively, we are 
going to construct canonical pairs {D^:, h^), where 

: no(X,) X 

is a real analytic developing map defined on a suitable open subset Uq^X^,) dif- 
feomorphic to IIo, 

: Isom'''(no) Isom^(X) 

is a faithful universal holonomy representation, such that {D^,h^:) formally sat- 
isfies the same properties stated above for {Do,ho). Moreover, the pull back 
on no(X*) via of the canonical metrics k^, of constant curvature on X will be 

related to go via canonical Wick rotation-rescaling directed by the constant field 
d 

— . Later this shall be generalized on arbitrary fiat Q'D-spacetimes. 

OT 

7.3.1 Canonical Wick rotation on Uq 

We use the half-space model for the hyperbolic space, = Cx]0,+cx)[, with 
coordinates {w = a + ib, c). 

The canonical hyperbolic developing map is defined by 

Du : no(> 1) ^ 

1 (^2 _ iU/2 

Dm{u, y, t) = (- exp(u + ly), exp{u)) . 

T r 

The compatible universal holonomy is defined by: 

hM{cr{p+ig)){w,c) = {exp{p + iq)w, exp(p)c) 

hm{R7T){w,c) = ^ _ {w,c) . 

+ WW 

It is straightforward that verifies the following properties: 

1. It is a developing map for a hyperbolic structure on no(> 1) [i.e. it is a 
local diffeomorphism) . 
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2. Its image is the open set \ 7 of H^, where 7 = {a = 6 = 0}. 

3. It sends any r-level surface no(a) onto a level surface of the distance func- 
tion, say A, from the geodesic line 7. 

4. It analytically extends to the exponential map defined on no(l). 

5. It admits a compatible universal holonomy, say hm- 

6. The tautological hyperbolic metric on no(> 1) which makes a local 
isometry is obtained from the fiat Lorentzian metric (7o|no(> 1) via a Wick 
rotation directed by the gradient of r, with rescaling functions which only 
depend on the value of r. 

We claim that these properties completely determine (-Dh^^h)- A posteriori, 

we can verify that the rescaling functions of the Wick rotation are a — — -, 

— 1 

P = o?^ in agreement with the ones obtained for the flat A^£(E[^)-spacetimes, so 
that 

This claim can be proved via straightforward computations, based on the follow- 
ing considerations: 

(a) The choice of no(> 1) as domain of definition of is a first normalization. 
In fact, for every r > 0, let us consider the map : IIq Ho. fr{u,y,T) = 
(u,ry,rT). Clearly, it maps no(> 1/r) onto no(> 1), and f*{ho) = r'^ds^. So the 
composition D^o is a developing map defined on no(> l/r), which satisfies the 

above requirements. The rescaling functions are now a = -, (3 = o? . 

r^\r^T^ — 1) 

On no(> 1) we have agreement with the A1£-spacctimcs. 

(b) Also condition (4) is just a normalization, in order to fix among all the 
other developing maps obtained via post-composition with directed hyperbolic 
isometries that share the geodesic 7 as axis. Moreover, this has a clear geometric 
meaning, because the exponential map is a local isometry of no(l) onto C\ {0} C 
9]HI^, endowed with its Thurston's metric. 

(c) In order to satisfy conditions (1), (2), (3) and (5), such a map must be of 
the form 

F ■ iu,y,T) (a(T)e("+^2'), 6(r)e") 

where a,b are positive functions. Moreover, as the map must be defined on 

b 

Ilo{> 1). we have to require that all) — 1, 6(1) = 0, - is an increasing function 

a 

which tends to -|-oo when r — > -|-oo. 
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(d) In order to satisfy (6), we realize that the functions a and b must satisfy 
the condition a' a + b'b = 0; by integrating it, we get 1 — a^(r) = 6^(r). 

(e) Let us denote by g the pull-back of the hyperbolic metric, and by h = 
ho\Ilo{> 1) the Lorentzian metric on no(> 1). We have 

,d_ d_ _ j_ d_ d_ _ 2 

^ du du du du 

d d (x^ d d 

In order to get (6), for some rescaling functions a, /5, we finally obtain 

1 (r^ - If" 

a = — , b = 

r r 

1 



a 



r2 - 1 



Wick rotation along a ray of quadratic differentials. Let us consider as 
above the family of quadratic differentials s'^dz'^, s > 0. Set 

5, = DhO0, : no(> 1) ^ 

where Qs has been defined in Remark 17.2. II Hence 

r r 

So we have the developing maps for a family of hyperbolic structures defined on 
no(> 1). The associated compatible representation is given by 

hs{a^){w,c) = (exp(sf)w, |exp(sf)|c) . 

More precisely, we have a family of marked spaces Qs '■ ^o{> 1) — > no(> 1), where 
the target no(> 1) is considered as fixed base space. On the target space we have 
the hyperbolic structure specified by the canonical developing map De, and we 
use the marking Qs to pull-back the structure on the source space. Similarly, we 
consider on the target no(> 1) the usual Lorentzian structure, and we pull it 
back via the marking. We consider these marked spaces up to Teichmiiller-like 
equivalence. Moreover, we can modify the developing map up to post-composition 
with direct isometry of (or Hq). 
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We want to study the limit behavior of these structures when s — > 0. Let us 
consider the new marked spaces 

0, o 0, : Ho ^ no(> 1) 

where 

0, : Ho ^ no(> 1) 

Uu + iy, T)^{u + iy+- log( + {s'r' + iy/') . 

s s 

Then, we have the family of hyperbolic developing maps on Ho 

where ^ 

Ps{w,c) ^ {w--,c) . 

s 

Hence 

^ / .V ,exT)(s(u + iy) — 1) , , , 
D,{u^iy,T) = ( ^ ^ ^, exp(s^/)T) . 

The corresponding compatible universal holonomy representations are given by 

I / N / N / I \ expfs'u) — 1 . , , . , 

c) = (exp(sw)w H , |exp(si;j|c) . 

s 

Moreover, by a direct computation, we see that the pull back of the hyperbolic 
metric /ch equals: 



^:(A;h) = ^((1 + s^T^)dv? + dy^) + \dT^ + '^—dudt. 



So we can easily conclude 

Proposition 7.3.1 When s 0, then: 

(1) the hyperbolic developing maps Dg tend (uniformly on the compact sets) 
to the "identity" map (w, c) = D^{u + iy^ r) = (m + iy^ r); 

(2) The holonomy representations kg tends to 

ho{a{v)){w, c) = (w + V, c) 

which is clearly compatible with 

(3) D*{km) — > ku (uniformly on the compact sets, and up to trivial renaming 
of the variables). 
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Consider now no(> 1) as a subset of a Minkowski space with coordinates 
{u, y, t) (t e] — oo, +oo[), and metric du^ + dy"^ — dr^ . There is an evident Wick 

d 

rotation on no(> 1) directed by the vector field dr = tt- that converts it into 

the hyperbohc space, and is equivariant for the action of Isom"'"(no) (note that it 
still acts by isometries on both sides of the Wick rotation) . The above discussion 
would suggest that also the 1-parameter family of Wick rotations tends to this 
limit one, when s ^ 0. Wc arc going to see that this is the case up to suitable 
re-parametrization, i.e. at the Teichmiiller-like space level. Let us try with the 
sequence of markings used above: 

A, = 0s o 0, : Ho ^ no(> 1) . 

As usual denote by go the standard Lorentzian metric on Ho. An easy computa- 
tion shows that 

A:(^o) = s\{s^T^ + l)du^ + dy^) + 2s^r^dudr 

1 /'„2 2 , -|\l/2 

Hence, we see that these Lorentzian metrics degenerate when s — > 0, while the 

d 

slope of ) — oo. 

However, let us consider the further markings 

As = As o 01 

s 

X r ■ ^ r ■ log((5V + l))V2 

A,{u + ly, T)^{u + iy+ (sV^ + 1)^/^) . 

s 

Finally we can easily check: 
Proposition 7.3.2 When s — > 

- 1 

A*(c/o) = (sV^ + l)du^ + dy^ + (sV^ + — -)dT'^ + 2s\'^dudT 

converges to the usual Minkowski metric du^ + dy^ — dr^ . Moreover, the action 
of the group Isom''"(no) on Ho is isometric for every K*{gQ), s > 0. 



7.3.2 Canonical dS rescaling on Ho 

Like for M.C{^) spacetimes, the construction of Di is somewhat dual to the 
one of D^. Let us identify the half-space model of used before with the 
usual hyperboloid model embedded in the Minkowski space M"^ (with metric 
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—dxl + dx'^) in such a way that the geodesic 7 becomes the intersection of 

i=l,...,3 

If with {x2 = X3 = 0}, and the point (0, 0, 1) becomes the point (1, 0, 0, 0) e if. 
Thus the developing map Dm : no(> 1) — > becomes 

/ (c(t) + l)/2c \ 
(c(t) - l)/2c 





Dniu + iy,T) =ch(A(r)) 



V 



+ sh (A(r) 









umu,y)\\ 

V y/\\i^^y)\\ ) 



where 



A(t) = arctgh(-) 
r 

- 1)V2 



\\{u,y)\\ = {u^^y'fl^ . 

By taking [De] we immediately get such a developing map with values in the 
projective model of Tf . Note that every vertical line in no(> 1) parameterizes a 
geodesic ray 7„+iy(T) in tf. 

The universal holonomy representation transforms in 

/ ch (p) sh (p) \ 

sh (p) ch (p) 

cos(g) sin(g) 

y — sin(g) cos(g) y 

Thus 

Di : no(< 1) ^ Xi 

is defined in such a way that every vertical line in no(< 1) parameterizes the 
geodesic arc ^*uj^iy{j) in Xi that is dual to ^u-^-iyij^ and shares the same pair of 
points at infinity. Precisely, 

/ / (c(r) + l)/2c \ 



\yl\\{u,y)\\] \ / 

A*(r) = arctgh(r) . 

In fact, this last is the cosmological time of the so obtained spacetime of constant 
curvature k — 

We have the coincidence of the universal holonomies hi — hm- 
It is easy to verify that 

1 . . 1 



Di{u + iy,r)^[ch{A*{T)) 



+ sh (A*(r)) 



(c(t) - l)/2c 





gi = Dlih 



l-r2 



;dy' 



The behaviour of {D^, /in) straightforwardly dualizes to {Di, hi 
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7.3.3 Canonical AdS rescaling on Uq 

Let us describe now the canonical AdS pair Let us fix an ordered 

pair (/, /') of spacelike geodesic lines in X_i that are dual each other. Let us 
denote by x± and x'_^ the respective endpoints. This determines four segments 
on 9X_i with endpoints These segments belong to suitable null lines for 

the natural conformal Lorentzian structure on the boundary of X_i. Denote by 
C the curve given by the union of these four segments, and /C(C) its convex hull 
in the projective space. Abstractly, we can look at /C(C) as a closed oriented 
positively embedded into the closure of X_i in the projective space. The curve 
C = /C(C) n9X_i, dIC{C) is made by 4 triangular faces contained in four distinct 
null-planes. Let us order its four vertices as x'_, x'_^_. This induces another 

orientation of /C(C). We stipulate that the two orientations coincide, and that 
/' is in the future of / with respect to the time orientation of /C(C). Fix two 
interior points xq G / and x'q G /' respectively. Clearly the dual plane P{xq) 
contains I', while I C P{xq). The time-hke geodesic orthogonal to P{xq) at Xq 
is orthogonal also to P{xo) at x'^. It is easy to see that given two patterns of 
data D{i) = {li, I'-, x{i)±, x' (i) ±, x{i)o, x' {i)Q) , i = 1,2, as above, there is a unique 
isometry / G PSL{2,R) x PSL{2,R) of X_i such that f{D{l)) = D{2). Thus 
we fix a choice by setting: 



where we have also specified a lifting in X_i = SL{2, M). Denote n_i the interior 
of /C(C). 

D_i is the embedding of llo onto n_i, defined as follows 

D_,{u,y,r)^[cos{t)( 'Z^''^ ° A + sm{t) ( ° , "^^^^^ 
^ ^ exp{-u) J ^^\-ex.p(-y) 

t — arctan(T) . 

We can straightforwardly verify that: 

(1) t = arctan(r) is the cosmological time of n_i. The spacehke geodesic I is 
its initial singularity. 



CHAPTER 7. QV-SPACETIMES 



169 



(2) The Lorentzian metric g-i on Ho, of constant curvature —1, which makes 
D-i an isometry is a rescahng of the fiat metric go, directed by the gradient of 

T, with rescaling functions a = -, (3 = a'^, that is 

1 + 

1 1 

1 + T^ 1 + T^ (1+T^)^ 



As universal holonomy we simply have 

exp(p — q) \ / exp(p + q) 

exp(g — p) J\ exp(— (p + g)) 



where we have again specified a lifting in SL{2,'R) x 5'L(2,M). 

Remcirk 7.3.3 The behaviour of this AdS rescaling is quite "degenerate" with 
respect to the 7Vf£-spacetimes. For in that case the convex hull of the boundary 
line at infinity of the level surfaces of the cosmological time produced a sort of 
AdS-convex core, strictly contained in the AdS spacetimes. Here the convex hull 
coincides with the whole of the spacetime n_i. 



AdS rescaling along a ray of quadratic differentials. Similarly to the 
Wick rotation case treated above, let us consider the family of developing maps 

Ds = -D-i o 0s . 

For the corresponding holonomy representations we have, in particular 

exp(s(p-g)) \ / ex.p(s(p + q)) 

exp{s{q-p)) J'\ exp{-s{p + q) 

Let us conjugate them by Ps = {As,As) e PSL{2,R) x PSL{2,R), where 

1 l/2s 
1 

obtaining the family of compatible pairs 
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As in the Wick rotation case, it is easy to verify that, for s ^ 0, we have a nice 
convergence to the parabohc representation: 



On the other, in the present case, the images of the developing maps PsDg degen- 
erate to the null plane passing through the common fixed point of those parabolic 
transformations. 

7.3.4 Wick rotation-rescaling on QX^-spacetimes 

We have constructed above the canonical developing maps for the Wick 
rotation-rescaling theory on IIo. Given any flat QP-spacetime Yq, by using 
the maps D^,, we can immediately construct the corresponding Wick rotation- 
rescaling on the associated non singular spacetime Yq. In this way we obtain a 
hyperbolic 3-manifold My, and spacetimes Y^, of constant curvature k, = ±1, all 
diffeomorphic to Y. It is easy to see that also completes to a cone spacetime 
homeomorphic to Yq, with the same cone angles along the singular world 
lines. They are all said QV- spacetimes. We are going to show some instances of 
these constructions. 

Wick rotation on spacetimes with toric Cauchy surfaces. Consider a 
group of isometries of Uq of the form A =< cr^,^, (Jtjj >, vj = pj + iqj, where we 
assume that vi,V2 make a positive M-basis of C. Apply the Wick rotation on 
no(> 1)/A. This gives a non-complete hyperbolic structure on (S^ x S^) x M"*". 
In order to study its completion we can apply verbatim the discussion occurring 
in the proof of Thurston's hyperbolic Dehn filling theorem (see or jlSj)- Recall 
that the feature of the completion is determined by the unique real solutions, say 
(r, s), of the equation 



In particular, if r/s G Q, then the completion is homeomorphic to the interior of 
a tube X S*^. Notice that it happens exactly when the leaves of the vertical 
foliation of the quadratic differential uj\ are parallel simple closed curves. If / is 
any such a leaf, the completion of the image, via D^, of the annulus / x {r > 1} 
is a meridian disk of the tube. The core of the tube {i.e. the line made by the 
centers of those disks, when / varies) is a simple closed geodesic. Along this core, 
there is a conical singularity of cone angle 27i/9, where (r, s) = 9{r', s'), r' /s' e Q, 
and r', s' are co-prime. 

If A corresponds to the structure {F, uj) on the torus, then the 1-parameter 
family of spacetimes II/rA, r > 0, corresponds to the family of pairs (F, r^cu). 




r{pi + iqi) + s{p2 + iq2) = . 
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Hence, we get a family of hyperbolic structures on (S* x S )x]0, +oo[, and by 
completion a family of hyperbolic cone manifold structures on the tube x S*^. 
The cone angles are r27:/9, so they tend to when r — > 0, opening in a cusp. 

BTZ black-holes. Note that for every quotient spacetime Ho/A, the corre- 
sponding AdS QX'-spacetime is just the quotient n_i//i_i(A). Recall that A 
is conjugate to —A. By reversing the time orientation we get the spacetime 
n_i//i_i(A), where A is obtained by replacing every generator w = a + ib with 
w = b + ia. If we allow also isometrics that change the spacetime orientation 
we can get n_i//i_i(A), obtained by replacing every generator w = a + ib with 
w = a — ib. Let us consider the simplest case A =< o"^ >, v = p + iq. Then, 
up to conjugation and orientation reversing we can (and we will) assume that 
p > q > 0. 

Recall that Ho/A is equal to Yo(C, —dz'^), a = |f |e^^*, v = |f |e^\ By varying 

p + ig, we get the family of so-called regions of type II of the BTZ black holes. 
We refer to (TU], [23 for a detailed description of these spacetimes. Here we limit 
ourselves to a few remarks. 

The Kerr-like black hole metric on H_i//i_i(A). The BTZ solution of Einstein 
field equations in three spacetime dimensions shares many characteristics of the 
classical (3 -|- 1) Kerr rotating black hole and this is its main reason of interest. 
Recall that the (2-1-1) Kerr-like metric in coordinates (r, f,0) is of the form 

ds^ = -fdv^ + f-^dr^ + r\d(j) - ^dvy 
where, with the usual notations of ADM approach to gravity, we have: 

where M and J are constant. Here we assume that the "mass" 
and that the "angular momentum" J = 2r+r_. Note that M —\J\ > 0; moreover 
M and J determine r± up to simultaneous change of sign, and we stipulate 
that r+ > r_. From now on we also assume we are in the generic case so that 
r+ > r_ > 0. In fact the coordinates (r, 0), r > 0, should be considered as "polar 
coordinates" (ie is periodic) on the v-level surfaces, so that the topological 
support of the metric should be homeomorphic to x R^. Note that this metric 
is singular at r = and r = r±; otherwise it is non-singular, and a direct 
computation shows that it is of constant curvature k = —1. Note that we can 
rewrite the Kerr metric in the form 



ds'^ = (M - r^)dv^ + f-^dr^ + r'^d<f - Jdvdcf) 
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d 

hence — is timelike for r > M^^^. Under our assumptions, r+ < and r IS 

timelike on ]r_, r+[. 

Let us go back to a quotient spacetime ITo/A homeomorphic to x M?, and 
we assume we are in the generic case p > q; set p = r^, q = r_. We want to 
point out a rather simple re-parametrization of Hq (depending on r±) 

(u, y, t) = F(r, 0, v), F = F^^ 

r G]r_, r_|_[=]g,p[, G M, w G M 

such that the pull back (i^-i o F)*(A;_i) of the AdS metric on n_i gives us the 
above Kerr-hke metric on the slab {r_ < r < r+} and this passes to the quotient 
spacetime Ho/ A. 
We know that 

g-i = D*_^{k-i) = a{T){T'^du^ + dy'^) - a^{T)dT^ 

Recall that t = arctan(r) is the cosmological time of n_i. The constant spacelike 
vector field on {IlQ,g_i) 

is the infinitesimal generator of A. The AdS quadratic form q on this field pro- 
duces the function 

= g(^) = ^ [^^2^~ = sin^(t)r+ + cos^(t)r!. = 

— o ri — o 

— -| — ± j-^ 

^2 _ j,2 + r\ — rt 

2 _ ^2 



T 



^2 ^ 2 



Note that 



— = sin(t) cos(t)(r^ — r^) > . 



Hence we can consider the coordinate transformation {u, y, r) = F{r, (p, v) given 

by 



^2 ^2 



r!j_ — r 
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u + iy = (r+ + irJ){(f) + iv) . 

Note that this includes a positive re-parametrization of the canonical time of the 
spacetime (no,fi'_i), i.e. of n_i. This function is defined also on the closure of 
n_i in X_i; precisely it takes the value r+ on the two null faces that contain the 
line the value r_ at the line /. Finally, a simple computation shows that 

Lemma 7.3.4 o FYikA = -fdv^ + f'^dr^ + r^(d(p - -^dvf . 

Consider the other canonical pairs {D^,, h^) of the Wick rotation- rescaling theory 
on Ho. We can consider the spaces 

{Uo,{D,oFy{K)) . 

It is evident by construction that these metrics are related to Kerr-like one either 

d 

by natural rescaling or Wick rotation, directed by the vector field — . In fact the 

or 

rescaling functions are the usual ones, once we consider them as functions of r, 
via T = r(r). Moreover all of this is A-invariant. In particular 

where 



^2 ^2 _ ^2 



r2 - 1 2r2 - M ■ 
On the extreme cases. Let us consider the critical case r+ = r_ = tq > 0. In 
this case g(^) is the constant 1-function. The above maps {u,y,T) = Fr^{r,(f),v) 
degenerate when r+ r_. Moreover, the action of A on n_i, even considered 
up to diffeomorphism, has a very different dynamic with respect to the generic 
cases, for the line /' is point-wise fixed. On the other hand, both the Kerr-like 
metric and (-D-i o Fr^)*{k^i) are well defined also for r+ = r_ = tq where 

{u,y,T) = Fr^{T,(j),v) = ((r+ + ir_)(0 + it;),r) . 

In fact there are rather complicated coordinate transformations (defined on dif- 
ferent patches of Ho) that transform each metric in the other. These can be 
effectively computed by using D_i, the so called "Poincare coordinates" on n_i 
and (3.11), (3.34)-(3.37) of 

The Kerr-like metric makes sense also when M = (hence r-t = 0) as it 
becomes: 

-r^dv^ + r''^dr^ + r^dcp^ ,r y^O . 
By setting r = we get 

dz'^ + d(j)'^ — dv"^ 

i2 
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that is the "Poincare coordinates on the future of a suitable null plane. This 
agrees with the above discussion on the behaviour of the AdS rescaling along ray 
of quadratic differentials. 

On the maximal spacetime containing the BTZ black hole. n_i//i_i(A) is 
only a region of a bigger (non globally hyperbolic) spacetime B{r±)/h^i{h) of 
constant curvature k = — 1 that actually contains the BTZ black hole. We want 
to briefly describe B{r±). Recall that a lifted copy of X_i in X_i = S'L(2,M) is 
given by the matrices of the form 

X=( ^1 + ^1 T2 + X2 \ 
V -T2 + X2 Ti-Xi ) 

such that det(X) = 1, < T^^ — Xl < 1, Xi,Ti have a definite sign. In fact, in 
defining D_i we have also specified such a lifting over n_i. The group h_i[K) 
acts on the whole of X_i, again with the constant vector field ^ as infinitesimal 
generator. Hence the function 

g(0 = (T| - Xl)r^ + {Tl - Xl)r^ 

makes sense on the whole AdS spacetime. Roughly speaking, B{r±) is the maxi- 
mal region of X_i such that: 

(1) n_i C i?(r±); 

(2) g(^) > on B{r±), so that we can take the function r = q{iY^'^ > 0; 

{3)B{r±) is /;,_i(A)-invariant, the group acts nicely on B{r±) and the quotient 
spacetime does not contain closed timelike curves {causality condition). 

In fact (see jTU]) such a B{r±) admits a /i„i(A)-invariant "tiling" by regions of 
three types I, II, III contained in {r > r+}, {r+ > r > r_}, {r_ > r} respectively. 
Each region supports the above Kerr-like metric, is bounded by portions of null- 
planes at which r = r±; in particular n_i itself is a region. Moreover, at {r = r±} 
there are only "coordinate singularities" . 

Remark 7.3.5 Every globally hyperbolic AdS QV spacetime Y_i{F, u) contains 
a peripheral end corresponding to each pole of u of order 2. Every peripheral end 
is homeomorphic to (S*^ x M) x M and can be isometrically embedded in a suitable 
BTZ region of type II as above, by respecting the canonical time. We say that 
such an end is static if the leaves of the horizontal cj-foliation at the pole are simple 
closed curves; in such a case J = 0. Otherwise it is "rotating". Note that portions 
of static BTZ regions of type II also occur in AdS A^£-spacetime associated to 
some (A, F) such that H/T has at least one closed boundary component that 
is also an isolated (+00 weighted) leaf of the lamination (for example, the T- 
symmetric spacetimes to the A^£(]HI^)-spacetimes breaking the T-symmetry in 
Section f6.8l were of this kind). If such a component is not isolated we can say 
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that it is a rotating M.C end. Similarly to B{r±)/h-i{A) above with respect to a 
BTZ region of type II, it should be interesting to investigate maximal causal (non 
globally hyperbolic) AdS extension of any such a space with static or rotating 
ends, that would contain a "multi black hole". This kind of situations are studied 
for example in IS] (3) and [22] ■ 

T-symmetry. It follows from remark 17.3.31 that the rescaling of any globally 
hyperbolic flat spacetime Yq{S,u) produces the whole of the associated AdS 
one Y^i{S,uj). The level surface Yo{S,uj){l) transforms in the "middle" surface 
F_i(S', co')(7r/4). If S is compact, this is the one of largest area. 

These AdS spacetimes are closed for the T-symmetry. In fact, by inverting 
the time orientation we simply get 



Chapter 8 
Complements 



8.1 Moving along a ray of laminations 

Let us fix (A, T) e MC^ and put F = tf/r. The ray of (r-invariant) mea- 
sured laminations determined by A is given by t\ = {C,tiJ,), t > 0. So we have 
1-parameter famihes of spacetimes U^^^ of constant curvature k G {0, 1, —1}, dif- 
feomorphic to F x M_|_, having as universal covering U^y We have also a family 
of hyperbolic 3- manifolds Mtx, obtained via the canonical Wick rotation. Vt\ is 
contained in Uf^^ and is the image of the canonical rescaling of U^x- Its universal 
covering is Vtx C U^^. 

First, we want to (give a sense and) study the "derivatives" at i = of the 
spacetimes lA^^i of their holonomies and "spectra" (see below). 

8.1.1 Derivatives of spacetimes at t = 

Let 

be the spacetime of constant curvature t^K obtained by rescaling the Lorentzian 
metric of ZY^'^ by the constant factor We want to study the limit when t — > 0. 
For the present discussion it is important to recall that all these spacetimes are 
well defined only up a Teichmiiller-like equivalence relation. So we have to give 
a bit of precision on this point. Fix a base copy of F x and let 

: F X M+ ^ 

be a marked spacetime representing the equivalence class of ZY°. Denote by ko the 
flat Lorentzian metric lifted on F x 1R+ via (f. A developing map with respect to 
such a metric is a diffeomorphism 

F) : F X M , ^ C Xn . 
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Up to translation, we can suppose G Notice that, for every s > 0, the map 

(7s : W° 9 -2 1-^ S2; G Xo 

is a diffeomorphism onto U^x- Moreover, it is F-equivariant, where T is supposed 
to act on Ux (resp. U^x) (resp. h^g^) estabhshed in Chapter El Thus gs 

induces to the quotient a diffeomorphism 



such that the pull-back of the metric is simply obtained by multiplying the metric 
on Ux by a factor s^. 

Thus the metric kg = s^k makes F x M4. isometric to lA^^- We want to prove 
now a similar result for k = ±1. 

The cosmological time of {F x M+, ks) is Tg = st, where T is the cosmological 
time of {F x M+,A;o). It follows that the gradient with respect to kg of Tg does 
not depend on s and we denote by X this field. Now suppose k, = —1 and denote 
by hg the metric obtained by rescaling kg around X with rescaling functions 

1 1 

a = — , f3 



We know that {F x M.+ ,hg) is isometric to Vgx. Moreover the metric hg/s'^ is 
obtained by a rescaling of the metric ko along X by rescaling functions 



Thus, we obtain lim/i^/s^ = k. 

Finally suppose k = 1, then we can define a metric h'g on the subset fig of 
F X M+ of points {x\Tg{x) < 1} = {x\T < 1/s} such that (O^, K) = In fact 
we can set h'g to be the metric obtained by rescaling kg by rescaling functions 

1 1 
= T. a 



'l-T^)2^ l-Tf 
Choose a continuous family of embeddings Ug : F x R_|_ ^ F x such that 

1. Ug{F X R+) = Qg] 

2. Ug{x) = X if T{x) < —. 

Then the family of metrics hg = u*g{h'g) works. 

We can summarize the so obtained results as follows: 
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Proposition 8.1.1 For every k = 0, ±1 




For K = we have indeed the strongest fact that for every t > 




1^ - 
hx — 



Note that this convergence is in fact like a convergence of pointed-spaces; for 
example, the convergence of spacetimes ~^t\ only concerns the past side of 
them, while the future sides simply disappear. 

8.1.2 Derivatives of representations 

For any k G {0,1,-1} the set of holonomies of gives rise to continuous 
families of representations 



We compute the derivative of such families at t = 0. The following lemma 
contains the formula we need. In fact this lemma is proved in [23 112] i and we 
limit ourselves to a sketch of proof. 

Lemma 8.1.2 Let X be a complex-valued measured geodesic lamination on a 
straight convex set, and denote by Ex the Epstein- Marden bending-quake cocycle. 
Fix two points x, ?/ G then the function 



is holomorphic. Moreover, if Xn X on a neighbourhood of[x,y], then ux„ — > u\ 
in the space of holomorphic functions of C with values in PSL{2,C) . 

Proof : The statement is obvious when A is a finite lamination. On the other 
hand, for every A there exists a sequence of standard approximations A„. Now 
it is not hard to see that converges to u\ in the compact-open topology of 
C°(C; PSL(2, C)). Since uniform limit of holomorphic functions is holomorphic 
the first part of the lemma is achieved. In fact, the same argument proves also 
the last part. 

■ 

The computation of the derivative of ux at follows easily from Lemma [8.1.21 
Notice that sl(2, C) is the complexification of sl(2, M) that is 



h'l -.T ^ Isom(X^) 



Ux:C3z^E,x{x,y)ePSL{2X) 



sl(2,C) =s[(2,M) ©zs[(2,M) 
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Now if I is an oriented geodesic denote by X{1) G sl(2,]R) the unitary generator 
of positive translations along /. The element iX{l)/2 is the standard generator of 
positive rotation around / (see Section H!T|l . Thus if A is a finite lamination and 
li, . . . Jn are the geodesies between x and y with respective weights Oi, . . . , G C 
we have that 

dE^xix^y) I _ 1 V 
z '° ~ 2 ^ ■ 

i=l 

The following statement is a corollary of this formula and Lemma [8.1.21 

Proposition 8.1.3 If X = {H,C,fi) is a complex-valued measured geodesic lam- 
ination and X, y are in H then 



dE^x{x,y). _ 1 
z '°-2 



X(t)d/i(t) (8.1) 



where X{t) is so defined: 



X{t) = X{1) ift&C and I is the leaf through t 
X{t) = otherwise . 



Now we can compute the derivative of at 0. Recall that the canonical 
isomorphism between s[(2,]R) and Xq sends X{1) to the unit spacelike vector 
orthogonal to / and giving the right orientation to / (see Remark 12.4.11) . 

Corollary 8.1.4 The derivative of h\x at is an imaginary cocycle in 

Hi,(r,3[(2,C)) =Hi,(r,5[(2,M))©zH\,(r,3[(2,M)) . 

Moreover, up to the identification o/s[(2,M) with we have that 

hlxiO) = ^rx 

where tx G H"'^(r,M^) is the translation part of h\. 

■ 

In the same way we have the following statement 

Corollary 8.1.5 The derivative of h[^^^ at t = is a pair of cocycles (r_, r_|_) G 
H^(r,5[(2,M)) © H^(r,3[(2, M)). In particular, if Tx is the translation part of h\, 
then 

1 

^- = -T^^A , 
1 ^ 
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8.1.3 Derivatives of spectra 

Let us denote by C the set of conjugacy classes of hyperbolic elements of the 
group r. For every k, = 0, ±1, we associate to [7] G C two numerical "characters" 
£^([7]) andA^^([7]). 

First consider k = 0. Define ^^([7]) to be the translation length of 7. A^a([7]) 
was introduced by Margulis in [IHl- Denote by r G Z^(r, M^) the translation part 
of (obtained by fixing a base point Xq G tf). Denote by X G sl{2, M) the unit 
positive generator of the hyperbolic group containing 7. Let f G be, as above, 
the corresponding point in the Minkowski space. Then we have 

It is not hard to see that is well defined. 

Consider now the case k = 1. Take [7] such that h\{'j) is hyperbolic. In this 
case [7]) is the length of the simple closed geodesic c in H^/ h\{'j) . On the other 
hand A^a([7]) ^ [~^> ^] the angle formed by a tangent vector v orthogonal to 
c at a point x G c C M^/h^^j) with the vector obtained by the parallel transport 
of V along c. A computation shows that 

In particular it follows that h\{'j) is conjugated to an element of PS'L(2,M) if 
and only ii Ml{[-f]) = 0. 

Finally consider the — 1. If 7 is hyperbolic, then h^^ ^''(7) is a pair 

of hyperbolic transformations, {h_{'j), /i_|_(7)) (in fact by choosing the base point 
on the axis of 7, the axis of /5_(a;o,7Xo) intersects the axis of 7). 

There are exactly two spacelike lines /_,/+ invariant by h^^^\'y). Namely, /+ 
has endpoints 

and /_ has endpoints 

where (resp. x^) are the fixed points of /i_(7) (resp. h+{'y)). Orient Z+ (resp. 
Z_) from p_ towards p+ (resp. from g_ towards If m, n are the translation 
lengths of h^{^) and /i+(7) then h'^^{'j) acts on /+ by a positive translation of 

1 1 1 m + n n — m 

length equal to — - — and on /_ by a translation of a length equal to — - — . 

Thus let us define 

^>-'([7l) = ^ 
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Proposition 8.1.6 If 'y is a hyperbolic element of T then there exists t < 1 
sufficiently small such that hl^{j) is hyperbolic for s < t. Moreover, for every 
choice of the curvature k , the following formulae hold 

Proof : For k = the statement is trivial. 

Suppose K = 1. Denote by Bt the cocycle associated to the lamination Aj 

t.,i,.,.,,.„),).2ch(^M)±i^). 
By deriving at we obtain 

ltr(.X(7)7) = sh {m)im\H% + 

where ^(7) is the element of sl(2, M) corresponding to r(7) e (where r is the 
is the translation part of /;,° ). Now if F £ 5((2,R) is the unit generator of the 
hyperbolic group containing 7 we have 

7 = ch(£([7])/2)7 + sh(£([7])/2)y . 

Thus we obtain 

An analogous computation shows the same result when k — 



8.2 More compact Cauchy surfaces 

In this Section we focus on the case of compact Cauchy surfaces, pointing out a 
few specific applications. Throughout the section we consider a cocompact group 
r, so that F — H^/r is compact surface of genus g>1. Moreover, a F-invariant 
measured geodesic lamination A on is fixed. 

8.2.1 Derivative of (ZY^^^)* 
Consider the family of AdS spacetimes 

obtained by the T-symmetry. We want to determine the derivative at i = of 
this family. 
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Recall that in such a case the set of F-invariant measured geodesic laminations, 
say AiC{F), has a natural R-linear structure, induced by the identification of this 
space with H^(r,R^). So it makes sense to consider —A. We have (the meaning 
of the notations is as above) 

Proposition 8.2.1 

lim -U-} =U\ . 

Proof : 

Let (/i^, h'l) be the holonomy of U^^. Denote by the quotient of the past 
boundary of Ktx by {h[, h"). Notice that is a measured geodesic lamination on 
F*. We claim that (F/, A*/t) converges to (F, — A) in Tg x MCg as t ^ 0. Before 
proving the claim we conclude the proof. 

Choose a family of developing maps 

Dt: F xR^ Uyjt C Xo 

such that Dt converges to a developing map Dq of U^^ = ^"a/^^-a as t ^ 0. 
Denote by kt the flat Lorentzian metric on F x M corresponding to the developing 
map Dt. We have that converges to k^ as t ^ 0. Moreover, if Tf denotes the 
cosmological time on F x M induced by Dt, then Tt converges to Tq in C^(F x M) 
as t — > 0. Now, as in the proof of Proposition 18.1.11 V\* is obtained by a Wick 
Rotation directed by the gradient of Tt with rescaling functions 



1 + my ' (1 + (tT,)2)2 • 

By passing to the limit t ^ we get the statement. 

Let us prove the claim. First the set {(F/,A*/t)|t G [0,1]} is shown to be 
pre-compact in Tg x AiCg, and then (F, — A) is proved to be the only possible 
limit of any sequence (F^"^, A*^/t„). 

By Section ma = M^/h't{T) (resp. F/' = M^/h'^{T)) is obtained by a right 
(resp. left) earthquake on F = tf/r with shearing measured lamination equal 
to tX. Thus, if X't is the measured geodesic lamination of F/ corresponding to 
tX via the canonical identification of A^£(F) with A^£(F/), we have that F/' is 
obtained by a left earthquake on F/ along 2Aj . 

On the other hand let (AJ^)' be the measured geodesic lamination on F/ such 
that the right earthquake along it sends F/ on F". Then, the quotient F^* of the 
past boundary of the convex core )Ct\ is obtained by a right earthquake along F/ 
with shearing lamination (A^)'. Moreover, the bending locus A^ is the lamination 
on F* corresponding to 2(AJ')'. 
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In order to prove that the family {{F^, Xt/t)\t G [0, 1]} is pre-compact we will 
use some classical facts about Tg. For the sake of clarity we will recall them, 
referring to jlHl HZj for details. 

Denote by C the set of conjugacy classes of F. For A G ^AC{S) we denote by 
t-y(A) the total mass of the closed geodesic curve corresponding to [7] with respect 
to the transverse measure given by A. The following facts are well-known. 

1. Two geodesic laminations A on 5* and A' on S' are identified by the canonical 
identification A4C{S) M.C{S') if and only if i^{X) = L-^iX') for every 
[7] G C. 

2. A sequence A„) converges to (-Foo,Aoo) in 7^ x ^ACg if and only if 
Fn -Foo and L^{Xn) i7(Aoo) for every [7] G C. 

3. A subset {{Fi, Aj)}jg/ of 7^ x AiCg is pre-compact if and only if the base 
points {Fi} runs in a compact set of Tg and for every [7] G C there exists a 
constant C > such that 

i^(Aj) < C for every i E L 

Clearly we have F* ^ F as t ^ 0. Thus in order to show that (Fj*,A*) is 
pre-compact it is sufficient to find for every [7] G C a constant C > such that 

t^(A*) < at 

for every t G [0, 1]. 

The following lemma gives the estimate we need. 

Lemma 8.2.2 For every compact set K C there exists a constant M > 
which satisfies the following statement. 

If X is a measured geodesic lamination on and (3 is the right cocycle asso- 
ciated to X then 

I \P{x, y)-Id+ \ I Xx{u)dX\ I < e^'^^^^y^ - 1 - MA(x, y) 

where X\{u) is defined as in \8.1]] . x,y E K, and X{x,y) is the total mass of the 
segment [x, y]. 

Proof : It is sufficient to prove the lemma when A is simplicial. In this case denote 
by the geodesies meeting the segment [x,y] with respective weights 

ai, . . . , ttiv. If Xi G 5l(2, M) is the unitary infinitesimal generator of the positive 
translation along Zj we have 

l3{x, y) = exp(-aiXi/2) o exp(-a2X2/2) o ■ ■ ■ o exp(-aArXAr/2) . 
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Thus l3{x, y) is a real analytic function of ai, . . . , a„. If we write 

n 

where An is a matrix- valued homogenous polynomial in xi, . . . , x^i of degree n, 
then it is not difficult to see that 

N 

\\An\\ < C^a,\\X,\\Yln\ . 
1=1 

We have that 

(3{x,y) - Id+]- I Xx{u)<lX = ^ An{ai, . . . , oat) 
^ -^i^^y] i>2 

Since the axes of transformations generated by Xj cut K, there exists a constant 
M > (depending only on K) such that ||Xj|| < M. Thus 

||/3(a;,i/) -Id + l [ X,{u)d\\\ < e^^^"> - 1 - M Va, . 
^ Jl^,y] 



Let us go back to the proof of Proposition 18.2.11 . Since i-y{Xt) = L.y{{X^)'), 
we may replace AJ' with (A^)'. Now let us put -yt = Kil)- We know that •jt is a 
differentiable path in PSL{2,M.) such that 7o = 7 and 



7(0) = -I I X{u)d\{u) 



where X[u) is defined as in ()8.1|) . On the other hand, if /5t is the right cocycle 
associated to the measured geodesic lamination 2(Aj)' we have 

/?t(x,7tx)7f = /3a(a;,7x)7 

where /?a is the left cocycle associated to t\. Thus Pt{x,'jtx) is a differentiable 
path and 



x,7{a;)] 



By Lemma f8. 2. 21 there exists a constant C > depending only on 7 such that 

m{x,^tx) - id\\ > II [ x{u)dxi\\-CL,{{Kyy. 

J[x,'ytx] 
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On the other hand, there exists a constant L > such that 
II f Xiu)dX;\ \ >L\j X(M)dA*| 

where | ■ | denotes the Lorentzian norm of s[(2,M). Since X{u) are generators of 
hyperbohc transformations with disjoint axes pointing in the same direction, the 
reverse of Schwarz inequahty inequahty holds (see the proof of Lemma 16.1. 5p 

r^{X{u),X{v)f > viXiu),Xiu)UXiv),Xiv)) = 1 

and imphes 

x{u)dix;y\\>LL,i{x;y). 



[x,^tx] 

From this inequahty we obtain that 

{L-Ci,{{x;y))i,{{Ky) < m{x,^,x) ~ id\\ . 

Dividing by t the last inequahty shows that AJ'(x, '~itx)/t is bounded. In particular 
we have proved that {{Ft, XX)} is pre-compact in 7^ x JViCg. 

Now, let us set Ht = X^/t and /ij = {X*y^/t. We have to show that if fit^ ~^ /^oo 
then /ioo = —A in MC{F). 

Notice that fi[^ is convergent and its limit is /ioo- Applying lemma IH.2.21 we 

By equation ()8.2p this limit is equal to / XdA and this shows that /ioo = —A. 

J[x,'y{x)] 



8.2.2 Far away along a ray 

Till now we have derived infinitesimal information at t = 0. As regards the 
behaviour along a ray for big t, let us just make a qualitative remark. 

We have noticed that, for every t > 0, -U^^ = Ul- Moreover, the flat space- 
times lAt)^ are nice convex domains in Xq which vary continuously and tamely 
with t. So, in the fiat case, apparently nothing substantially new happens when 
t > varies. Similarly, this holds also for the AdS past parts Vt\ C U^^^. On 
the other hand, radical qualitative changes do occur for Mt\ (and Uly) when t 
grows. As A is F-invariant for the cocompact group F, when t is small enough, 
we have a quasi- Fuchsian hyperbolic end. In particular, the developing map is 
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an embedding. When t grows up, we find a first value to such that we are no 
longer in the quasi-Fuchsian region, and for bigger t the developing map becomes 
more and more "wild". We believe that this different behaviour along a ray is 
conceptually important: looking only at the flat Lorentzian sector, signiflcant 
critical phenomena should be lost; on the other hand, one could consider the 
(flat or AdS Lorentzian towards hyperbolic geometry) Wick rotations as a kind 
of "normalization" of the hyperbolic developing map. 

We give here a flrst simple application of these qualitative considerations. 
Assume that we are in the quasi-Fuchsian region. So we have associated to 
tX three ordered pairs of elements of the Teichmiiller space Tg. These are: 

- the "Bers parameter" {B^, B^) given by the conformal structure underlying 
the projective asymptotic structures of the two ends of Y^; 

- the hyperbolic structures {C^,C^) of the boundary components of the hy- 
perbolic convex core of Yt] 

- the hyperbolic structures {K^^K^) of the future and past boundary com- 
ponents of the AdS convex core of U^)^. 

It is natural to inquire about the relationship between these pairs. 

By construction, is isometric to . On the other hand by Sullivan's The- 
orem (see |2ZI), the Teichmiiller distance of Bf from Cf is uniformly bounded. 
Now it is natural to ask whether is isometric to . Actually it is not hard 
to show that those spaces generally are not isometric. In fact let us flx a lami- 
nation A and let to > be the flrst time such that the representation h\^y^ is not 
quasi-Fuchsian. By Bers Theorem P31 the family {{B^,B^) E Tg x Tg} is not 
compact. Since B^ converges to a conformal structure as t goes to to we have 
that {B^}t<to is a divergent family in Tg. By Sullivan's Theorem we have that 

is divergent too. On the other hand {K^}t<tQ is pre-compact. 

8.2.3 Volumes, areas and length of laminations 

Set F° = U^/hl{T), = Ul/hKV) and Y'^ = Vx/h^^^\Ty, i.e. these y^ are 
the spacetime of constant curvature, with compact Cauchy surface homeomorphic 
to F, related to each other via equivariant canonical rescalings starting from the 
F-invariant lamination A. 

In this Subsection we compute the volume of any slab Y'^{< b) in terms of F 
and A. 

Let us outline the scheme of such a computation. We flrst get a formula 
expressing the volume of Y'^{< b) in terms of the areas of level surfaces Y'^{t) for 
t < b. Then we compute these areas. Thanks to rescaling formulae, it is sufficient 
to compute the area of Y^(t). When the lamination is simplicial the computation 
is quite trivial. In the general case, by using the continuity of the area of Y^(t) 
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with respect to the parameter A, we express the area of Y (t) in terms of the well 
known notion of length of A (in fact of the induced lamination on F). 
We use the following notation: 

- V{F,x)iK., b) is the volume of (< b); 

- A(^f^\){k, h) is the area of V^ih). 
Lemma 8.2.3 The following formula holds 



Proof : Let us fix some coordinates x, y on the level surface V^iV). If : F x M 
Y denotes the flow of the gradient of the cosmological time, we get that 



furnishes a parameterization of Y . Moreover, since the gradient of the cosmolog- 
ical time is a unitary vector, then the map 



takes values on the surface + 1). 

So the volume form of Y^ ^ with respect to these coordinates, takes the form 



(we are using again that the gradient of the cosmological time is unitary). The 
formula 18 .HI easily follows. 

■ 

When A is a weighted multicurve, the computation of the area of A^px^i^^ b) is 
quite simple. Namely, if li, . . . ,lk are the leaves of A with weights Oi, . . . , a^, the 
surface U (6) is obtained by rescaling the surface by b, and replacing every /j by 
an Euclidean annulus of length Oj. So the area of (6) is given by the formula 




(8.3) 



{x,y) ipt{x,y) 



Q{x,y,t) = LJt{x,y)dt 



k 




(8.4) 



i=l 



where irih) is the length of k. 

In it was shown that there exists a continuous function 



i:TgX MC R 



■+ 



such that if A is a weighted multicurve then 



fc 



i{F,X) = J2a^iF{h) 



i=l 
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where L's are the leaves of A and the corresponding weights. We call 

i{F, A) the length of A with respect to F. 
From ()8.4|) we get 

/l(^,A)(0, b) = -2Txh\{F) + M{F, A) (8.5) 

whenever A is a weighted multicurve. The right hand of this expression continu- 
ously depends on A . In fact, by means of results of Sec. 6 of [19] we have that 
also A{^F,X){,^,b) varies continuously with A. Since weighted multicurve are dense 
in AiCg, formulae ()8.5|) holds for every measured geodesic lamination. 

Since (6) (resp. is obtained by rescaling y''(tan6) (resp. Y^{tgh.b)) 

1 1 
by ^ (resp. ^) we obtain the following formulae 

1 + tan2 6 ^ ^ 1 -tgh^fc^ ^ 

A(^F,^){0,b) = -27ib\{F) + be{F,X); 

A(F,x){-l, b) = -27rsm'^ bx{F) + £f (A) sin 6 cos 6; 

A(F,x)ll,b) = -2TTs\i%xiF) + iFiX)shbchb. 

By ()8.Hj) . we have 

v,,.,(U) = -2.x(f)5!^ +^MA). 

In particular we get that the volume of F"^ is given by 



Remark 8.2.4 Given a maximal globally hyperbolic spacetime, the last formula 
allows to compute the volume of its past part, in terms of parameters obtained 
by looking at the future boundary of its convex core. Clearly, by inverting the 
time-orientation, we obtain a similar formula expressing the volume of the future 
part in terms of the past boundary of the convex core. 

Thus, the computation of the volume of the whole spacetime turns to be 
equivalent to the computation of the volume of the convex core. Similar con- 
siderations hold if F/r is of finite area and we use laminations with compact 
support. 

Remark 8.2.5 Equation ()8.4|) and the remark that A(^F,\){^,b) continuously 
varies with the pair [F, A) furnish another proof of the existence and the con- 
tinuity of the function i. 
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8.3 Including particles 

We have seen in Section [7| that (globally hyperbolic) Ql^-spacetimes contain in 
general "particles" that is conical singularities along time-like lines (the "world 
lines" of the particles). In that case the level surfaces of the canonical time were 
flat surfaces with conical singularities (shortly: flat cone surfaces), "orthogonal" 
to the particle world lines. Starting with hyperbolic cone surfaces and adapting 
AiC Wick rotation-rescaling constructions, we could produce (correlated) AiC- 
spacetimes with particles. In the flat case, such a kind of constructions were 
already considered for instance in P2](2); we refer to it also for some precision 
about the local models at a particle. By the way, we recall that, up to a suitable 
normalization of the gravitational constant, the relation between the cone angle 
P = 2-na and the ''mass" m of the particle is given by 

m = 1 — a 

hence the mass is positive only ii (3 < 2ti. On the other hand, there is no 
natural geometric reason to impose a priori such a constraint (for example the 
QV spacetimes usually contain negative masses). 

We do not intend here to fully develop such a generalization of our theory. 
We limit ourselves to give some sketch in the case of compact Cauchy surfaces. 

Fix a base closed surface S of genus g with a set of r > marked points 
V = {xi, . . . ,Xr}, such that S \ V admits a complete hyperbolic structure of 
finite area (that is 2 — 2g — r < 0). Denote by 

the corresponding Teichmiiller space. Similarly to Tg there is a canonically triv- 
ialized fiber bundle over Tg^r, such that the fiber over every F G Tg^r consists of 
the measured geodesic laminations on F with compact support. Let us denote by 

such a (trivialized) bundle. 

Fix e = {pi, ...,pr)eR\. and denote by 

Cg,r,e 

the Theichmiiller-like space of hyperbolic cone surface structures on (5*, V) with 
assigned values 6 of the cone angles at V. For every F G Cg^r,e, we denote by 

MC{F) 

the set of "measured geodesic laminations" on F. We do no enter the actual def- 
inition; note however that one should allow in general singular leaves containing 
some cone points. 
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Particles with "big" masses. Denote by B the subset of M!^ such that for 
every j , < Pj < n. If 9 G i3 we say that it corresponds to "big masses". We 
have 

Proposition 8.3.1 Assume <d & B, then: 

(1) Cg^r,0 is naturally isomorphic to Tg ^. 

(2) For every F G Cg^r,e, every X G A4C{F) has compact support contained 
in S\ V; moreover M.C{F) is canonically isomorphic to M.Cg^r- 

■ 

The first statement is due Troyanov j|56j; the second follows by the same 
arguments used for J\A.Cg (see also pi]). 
Hence 

can be considered as a trivialized fiber bundle over Cg^r,e, for every G correspond- 
ing to big masses. 

For every {F, A, 6) G Tg^r x MCg^r x B, denote by (Fc, Ac), Fc G Cg,r,e, K G 
M.C{F) the corresponding element. Then the construction of Section ITHl applies 
to (Fc, Ac), far from the cone points of Fc, and produces a fiat globally hyperbolic 
spacetime IA^{F, A, G) with particles. The level surfaces of the canonical time with 
their conical points are homeomorphic to {S,V), are orthogonal to the particle 
world lines and are (rescaled) hyperbolic cone surfaces at the particles, with 
constant cone angles G. Similarly to the QT> case, the developing map on the 
complement of the particles is no longer an embedding. 

Now all the Wick rotation-rescaling formulas apply verbatim and either pro- 
duce cone hyperbolic manifolds or cone spacetimes, keeping the cone angles G. 

Summing up, we have produced a structured family of M.C- spacetimes with 
particles of constant curvature k = 0, ±1, that share 

Tg^r X MCg^r X B 

as universal parameter spaces, and are canonically correlated to each other. A 
natural question ([21] is addressed to it) asks to point out intrinsic characteriza- 
tions of this family^ in the spirit of the classification Theorem 11.7.11 

Allowing arbitrary masses. If G does not necessarily belong to B the situa- 
tion is more complicated and far to be understood. For example in |T2] (2) there 
are examples of (flat) spacetimes with particles obtained via so called "patch- 
working" . These are somewhat intriguing as they combine features of both QT> 
and M.C ones. On the other hand, it is natural to extend the M.C constructions 
to laminations with singular leaves. In fact, one can realize that, at least in some 
case, patchworking spacetimes are such generalized M.C ones. 
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8.4 Open questions 

In this final section we state a few open questions addressing further developments 
of the Wick rotation-rescaling theory. 

(1) Characterization of AdS 7Vli2(EI^)-spacetimes. Give a characterization 
of AdS A1£(EI^)-spacetimes and of broken T-symmetry purely in terms of prop- 
erties of the corresponding curves at infinity (see Sections l6 . 61 and . Related 
to it, find further sensible characterizations of projective structures on surfaces, 
associated to A^£(tf )-spacetimes. 

(2) On AdS canonical time. Recall that the range of the canonical time of an 
AdS A^£-spacetime is of the form (0,ao), 7r/2 < oq < vr. Study = ao(A) 
as a function of A. We know that the canonical time is on the past part V\. 
Study its lack of regularity on the slab V(^'^{['k/2, ao)). 

(3) Canonical versus CMC times. We know since ^1] that fiat maximal 
globally spacetimes with compact Cauchy surface admit a canonical constant 
mean curvature CMC time. In fact the existence of canonical CMC time holds 
in general for maximal globally spacetimes of constant curvature (see [HI EI)- 
We could study the behaviour of CMC time under the canonical Wick rotation- 
rescaling. On the other hand, does there exist a Wick rotation-rescaling theory 
entirely based on the CMC time, instead of the canonical cosmological one? A 
partial (negative) answer has been given in [7j: in particular it has been shown 
that there is no Wick rotation with rescaling functions constant of the level sur- 
faces of CMC time of a AdS spacetime, transforming it in a hyperbolic manifold. 

(4) Ends of arbitrary tame hyperbolic 3-manifolds. We have seen in 
Section 11.111 that Wick rotation-rescaling applies in a clean way on the ends of 
geometrically finite hyperbolic 3-manifolds. It would be interesting to use this 
machinery to treat the ending geometry of more general topologically tame man- 
ifolds; in particular to study limits of quasi- Fuchsian groups (hke ones occurring 
in the "double limit theorem" see jlT]) in terms of the associated families of fiat 
or AdS ending spacetimes (see also Subsection I8.2.2|) . 

(5) Wick cut locus. We refer again to Section [1.111 of Chapter ^ Let y be a 
geometrically finite hyperbolic 3-manifold. Consider the ending Wick rotations 
of Y towards (slabs of) AdS spacetimes. We would like to define and study a 
somewhat canonical subset W(F) of Y (called its Wick cut locus), such that 
f2(y) = Y \ W{Y) is a maximal open set which supports a C^ and almost ev- 
erywhere real analytic Wick rotation towards a spacetime of constant curvature 
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K = —1, extending the canonical ones on the ends. ^{Y) should carry almost 
everywhere (via Frobenius theorem and an analytic continuation argument) a fo- 
liation by spacelike surfaces which extends the ending one by the level surfaces of 
the canonical times. It might happen or not that two ends of Y are connected by 
(the closure of) timelike curves orthogonal to the foliation. This induces a relation 
between ends. We know from Bers parametrization that Y is over- determined 
by the family of its asymptotic projective structures. One might wonder if the 
above relation reflects in some way the implicit relationship existing among those 
projective structures. 

(6) Particles. Fully develop a Wick rotation-rescaling theory on spacetimes 
with particles (see Section ing . 

(7) Higher dimensional Wick rotation-rescaling. The theory of flat reg- 
ular domains of arbitrary dimension is developed in JHl- In particular, there is 
a notion of measured geodesic stratification that generalizes the one of measured 
geodesic laminations of the (2 + 1) case. The subclass of so called simplicial 
stratifications is particularly simple to dealing with, and allows a very clean gen- 
eralization of the results of Sections l3 .41 - 13 . 61 of Chapter|21 Unfortunately, there is 
not a straightforward generalization of Wick rotation-rescaling, not even for such 
a subclass. Let us consider for simplicity the (3 + 1) case. Let U =Uxhe a. regular 
domain in corresponding to a simplicial measured geodesic stratification A. 
The initial singularity of U is 2-dimensional and, in general, it contains strata 
of dimension > 1. Let Z be the union of 2-dimensional strata. Then the usual 
Wick rotation-rescaling formulas hold verbatim on W \ r^^{Z). However, they do 
not extend to the whole of U. In fact, consider for instance the Wick rotation. 
We easily realize that the portion of the level surface W(l) over a 2-stratum of Z 
has a flat spacelike geometry. On the other hand, the portion on a level surface of 
the distance function from the hyperbolic boundary of the hyperbolic 4-manifolds 
M\ (which is still globally defined), that should naturally corresponds to it has 
spherical spacelike geometry. So such a (conformal) global Wick rotation, with 
universal rescaling functions, cannot exist. Building a reasonably canonical Wick 
rotation-rescaling theory in higher dimension is an interesting open question. 
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